LIMITING DYNAMICS FOR SPHERICAL MODELS OF SPIN GLASSES 

WITH MAGNETIC FIELD 



MANUEL ZAMFIR 

Abstract. We study the Langevin dynamics for the family of spherical spin glass models of statistical physics, 
in the presence of a magnetic field. We prove that in the limit of system size N approaching infinity, the 
empirical state correlation, the response function, the overlap and the magnetization for these iV-dimensional 
coupled diffusions converge to the non-random unique strong solution of four explicit non-linear integro- 
differential equations, that generalize the system proposed by Cugliandolo and Kurchan in the presence of a 
magnetic field. 

We then analyze the system and provide a rigorous derivation of the FDT regime in a large area of the 
temperature-magnetization plane. 



1. Introduction 

Many of the unique properties of magnetic systems with quenched random interactions, namely spin glasses, 
are of dynamical nature (see [15 ). Therefore, we would like to understand not only the static properties, but 
also time dependent features of the spin glass state. This is not an easy task, even for the Sherrington and 
Kirkpatrick (SK) model. 

The extended SK model can be described as follows. Let T = { — 1,1} be the space of spins. Fixing 
a positive integer N (denoting the system size), define, for each configuration of the spins (i.e. for each 
x = (x 1 , . . . , a;^) E T N ), a random Hamiltonian (x) , as a function of the configuration x and of an exterior 
source of randomness J (i.e. a random variable defined on another probability space). For the extended SK 
model, the mean field random Hamiltonian is defined as: 

m 

p=l 1 l<ii,...,i p <JV 

where m > 2, and the disorder parameters J^...^ = J{i lt ... t i p } are independent (modulo the permutation of 
the indices) centered Gaussian variables. The variance of Ji 1 ...i v is c({i\, . . . , i p })N~ p+1 , where 

(1.1) c({i 1 ,...,i p }) = ]Jl k \, 

k 

and (Ji, 1%, ■ ■ .) are the multiplicities of the different elements of the set {ii, . . . , i p } (for example, c = 1 when 
ij 7^ iji for any j ^ f , while c = pi when all ij values are the same). Denoting by F N (x) the total magnetization 
of the system: 

N 

(1.2) F w (x) = 5>\ 

i=l 
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the Gibbs measure for finitely many spins at inverse temperature (3 — T 1 and intensity of the magnetic field 
h > is defined as: 

(1.3) A£ M (x) - exp (-^(x) + hF N (x)) l x6r « . 

P,h,J 

where Zp^j is a normalizing constant. The propagation of chaos for the dynamics is of much interest. It can 
be studied from the limit as N — > oo of the empirical measure: 

1 N 

i=i 

Though the limit was established and characterized in 0] via an implicit non-Markovian stochastic differential 
equation for the continuous relaxation of the SK model with Langevin dynamics, the complexity of the latter 
equation prevents it from being amenable to a serious understanding. 

Spherical models replace the product structure of the configuration space F N by the sphere S N ~ 1 (VrN) in 
M. N , for r = 1, via imposing the hard constraint ~ X)i=i x f ~ r - The spherical Gibbs measure is then given 
by: 

(1.4) M£ M (d*) = W~ exp ("W^M + 2^(x)) u N (dx) 

P,h,J 

where the measure vjq is the uniform measure on the sphere S N ~ 1 (\ / rN) (the presence of the extra factor of 2 
is just a matter of convenience and is equivalent to the rescaling (3 i— > 2(3 and h i— > 2h) . The Langevin dynamics 
for the normalized spherical mixed spin model (i.e. r = 1) without magnetization (i.e. h = 0), was rigurously 
studied in |7j and [TJ] . The authors have shown that the dynamics of the system can be characterized via two 
functions, the so called empirical correlation and empirical response and they have derived the pair of coupled 
integro-differential equations that characterize them. 

Here, we shall first extend their results to allow for a positive magnetic field (i.e. h > 0) and any radius of 
the underlying sphere. Due to the extra complexity introduced in the system via the presence of the magnetic 
field, that affects the symmetry of the spins, the dynamics will be characterized via a coupled system of four 
intcgro-diffcrcntial equations. We rigurously analyze the behavior of the system in the high temperature regime 
and derive equations characterizing the phase transition curve. Along the way, we prove (see Theorem 2.4) 
that the system simplifies dramatically for large radii of the underlying sphere. 

To work around the complexity induced by the Langevin dynamics on the sphere, we follow [7], by a further 
relaxation of the hard spherical model, replacing the hard spherical constraint by a soft one. Namely, we first 
replace the uniform measure vn on the sphere S N ~ 1 (VrN) by a measure on R w , 

v N (dx) = —'—exp 

where / is a smooth function growing fast enough at infinity. The soft spherical Gibbs measure is then given 
by: 

(1.5) d^ M ,/(dx) = exp (-Nf (^pj 2/?#f (x) + 2hF N (x)) Udx* . 

Thus, Jlp hJ j is the invariant measure of the randomly interacting particles described by the (Langevin) 
stochastic differential system: 

(1.6) dx{ = dB{ - f '(N^Wxtf^dt + I3G 3 ; (x t )di + halt , 

where B = (B 1 , . . . , B N ) is an N-dimensional standard Brownian motion, independent of both th e in itial 
condition x and the disorder J, and G l (x) := —d x i (iJj^x)), for i = 1, . . . , N. In Proposition |2.2l we 
characterize the long term behavior of the Langevin dynamics of this soft spherical model for a general class 
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of functions /. We shall then choose an appropriate sequence of functions /„, satisfying jlp h j t — * M^/i jj 
allowing us to derive, in Theorem |2.3| the limiting behavior of the hard spherical model. 

We shall first prove that, fixin g /, for a.e. disorder J, initial condition Xo and Brownian path B, there 
exists a unique strong solution of (1.6 1 for all f > 0, whose law we denote by Pp XQ j- 

We are interested in the time evolution for large N, of the empirical covariance function: 



(1.7) COV N (s,t) = ~J2 H x t ~ EbKJEbK]] , 

where Eb[ - ] represents the expectation with respect to the Brownian motion only (and not with respect to 
the Gaussian law of the couplings), under the quenched law P^ x j, as the system size iV — > oo. In [7], the 
authors have formally derived the limiting equations for the empirical state correlation function: 

1 N 

(1.8) C N (s,t):=-J2 x >t' 

i=l 

in the absence of a magnetic field (i.e. h = 0). The equations characterizing the limit as N — > oo of CV(s,i) 
involve the analogous limit for the empirical integrated response function: 

1 N 

(1.9) XN (s,t):=-^2<Bl, 

i=i 

and the limits are characterized as the unique solution of a system of two coupled integro-differential equations. 
The presence of the magnetic field requires us to consider also the empirical averaged magnetization: 

1 N 

(1.10) M N (s) := ^$>' s , 

j=i 



the averaged overlap: 

1 N 

(1.11) L N (s,t) ttE Eb H] Eb H] > 



i=l 



and the empirical overlap: 



1 N 



(1.12) Q N (s,t) := — 2^ x 's" x . 

i=i 

where {x fe } s , k = 1,2 are two independent replicas, sharing the same couplings J, with the noise given by 
two independent Brownian motions {B fc } s . With these notations, our primary object of study, the empirical 
covariance can be written as: 

COV N (s,t) = C N {s,t) - L N {s,i) . 

The empirical overlap defined in (1.12) is the central quantity in the study of the static properties of the 
system (see |21j for a comprehensive survey) . Its dynamical properties were not rigurously analyzed until now. 
In the course of our proofs, we show that the limits as N — > oo of (i.e. the averaged overlap - that we 
need to characterize in order to study the empirical covariance) and of Qjv (i-e. the empirical overlap - that 
is interesting in its own right), coincide. Also, as opposed to the scenario analyzed in [7] (i.e. h = 0), where 
the authors have characterized the dynamics via a coupled system of two integro-differential equations, the 
presence of the magnetic field will affect the symmetry of the spins and the dynamics of our system will be 
characterized via a coupled system of four integro-differential equations. 

We shall analyze the solutions of the latter system in a non-perturbative high temperature region of the 
(/?, /i)-plane, rigorously establishing the existence of the so called FDTregime, where the Frequency Dissipation 
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Theorem in statistical physics holds. We shall see that the phase plane diagram of the system in (/?, h) 
coordinates is the one shown in Figure [T] below. 



p = n h P=rA 
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Figure 1. The Phase Plane Diagram: The hashed 
region represents the area of applicability of Theorem |2.5[ 
where we can rigorously prove the FDT regime, the light 
region represents the expected extend of the FDT regime 
and the red region, past the dynamical phase transition 
curve, represents the expected extent of the aging regime. 



2. Main Results 

We shall start by making the same assumptions on the initial conditions as in [7J. Namely, we assume that 
the initial condition xo is independent of the disorder J, and the limits 

(2.1) lim E[Cjv(0,0)] = C(0,0), 

iV— >oo 

and 

(2.2) lim E[Mjv(0)] = M(0) , 

exists, and are finite. Further, we assume that the tail probabilities P(| Cat (0, 0) — C(0, 0)| > x) and P(|Mtv(0) — 
M(0)| > x) decay exponentially fast in N (so the convergence C N (0,0) -> C(0,0) and M N (0) -> M(0) holds 



SPHERICAL SPIN GLASSES 



5 



almost surely), and that for each k < oo, the sequence N i— ► E[CAr(0,0) fc ] and N i— > E[Mjv(0) ] is uniformly 
bounded. Also, we will assume that each of the two replicas will have the same (random) initial conditions, 
hence Qat(0,0) = CV(0,0). 

Finally, consider the product probability space £ N = M N X R d ( N < m ) x C([0,T\,R N ) x C([0,T],M N ) (here T 
is a fixed time and d(N,m) is the dimension of the space of the interactions J), equipped with the natural 
Euclidean norms for the finite dimensional parts, i.e (xq, J), and the sup-norm for the Brownian motions B fc , 
k = 1, 2. The space £n is endowed with the product probability measure P = /ijy ® Jn ® Pn <8> Pn, where pn 
denotes the distribution of Xo, "fN is the (Gaussian) distribution of the coupling constants J, and Pjy is the 
distribution of the TV-dimensional Brownian motion. 

Hypothesis 2.1. For (xojJjB^B 2 ) G £n we introduce the norms 

N m 1 N 

ii(x ,j,b\b 2 )ii 2 = 5>*) 2 +£ Yl (^jw+E su p £(^) 2 - 

— — — — n<^<T — 

i=l p=l l<i 1 ...i p <iV k=l - - J i=l 

FFe sftaZZ assume that pn is such that the following concentration of measure property holds on £n; there exists 
two finite positive constants C and a, independent on N , such that, if V is a Lipschitz function on £n , with 
Lipschitz constant K, then for all p > 0, 

H N ®1 N ®P N ®P N [\V-E[V}\ >p] < C7- 1 exp(-C , (-|) a ) . 

Now, suppose that / is a differentiablc function on R + with /' locally Lipschitz, such that 

(2.3) sup|/'(p)|(l + p)- r <co 

for some r < oo, and for some A, S > 0, 

(2.4) M{f'{p)-Ap m ' 3+s - 1 }>-ao 

p>0 

(typically, f(p) — n(p — l) r for some r > to/2 and n 3> 1). Then the normalization factor Zp^j.f — 



J e -(>H?W-Nf{N->\\ X \n+hF»( X ) dx ig ag . finite (by (2 .4)) 



First, we shall show that, as N — > oo the functions Cn(s, t), Xn(s, t), Mn(s), Qn(s, t) and Ln{s, t) converge 
to non-random continuous functions C(s,i), x( s >*)> JW(s) and Q(s,t) = L(s,t) that are characterized as the 
solution of a system of coupled integro-differential equations. We denote by T the upper half of the first 
quadrant, namely: 

r := {(s,t) G M 2 : < t < s} 

Also, we denote by C\ the class of continuously differentiable symmetric functions of two variables and by C s 
the class of continuous symmetric functions . These notations will be widely used and will appear through 
this work. 

Proposition 2.2. Let tp(r) = v' (r) + rv"(r) and 

m a 2 

(2.5) Kr):=£-^ P - 



Suppose pn satisfies hypothesis 2.1 and f satisfies (2.3 1 and ( |2.4| . Fixing any T < oo, as N — > oo the random 
functions Mn, \n, Gn, Qn and Ln converge uniformly on [0,T] 2 (or [0, T], whichever applies), almost surely 
and in L p with respect to xq, J and B k , for k = 1,2, to non-random functions M(s), x( s ^) = Jo P( s , u )du, 
C(s,t) = C(i,a), Q(s, i) = Q(t,s) and L(s,t) = Q(s,t). Further, R(s,t) = for t > s, R(s,s) = 1, and 
/or s > t the absolutely continuous functions C, R, M , Q, and K(s) — C(s, s) are the unique solution in 
C 1 (R+) x C : (T) x Cl(R 2 + ) x Ci( K +) x C X (K+) o/i/ie mtegro- differential equations: 

(2.6) dM(s) = -f'(K(s))M(s) +h + /3 2 [ M{u)R{s,u)v" {C{s,u))du, s>0 
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(2.7) 
(2.8) 

(2.9) 

(2.10) 



-f'(K(s))R(s, t) + [3 2 J R(u, t)R(s, u)v"(C(s, u))du, 
-f'(K(s))C(s,t) + /3 2 f C{u,t)R{s,u)v"{C{s,u))du 



diR(s,t) 

d x C(s,t) 

Jo 

+ f3 2 [ p'{C(s,u))R(t,u)du+hM(t) + l s<t R(t,s), 
Jo 

diQ(s,t) = -f(K(s))Q(s,t) + [3 2 I Q{u,t)R(s,u)p"{C{s,u))du 

Jo 

+ f3 2 p'(Q(s,u))R(t,u)du+hM(t), 
Jo 

dK(s) = -2f(K{s))K{s) + l + 2l3 2 [ ip(C(s,u))R(s,u)du + 2hM(s) , 



s>t>0 

s,t>0 

s,t > 
s > 



where the initial conditions K(0) = C(0,0) = Q(0,0) > and M(O) are determined by (2.1) and (2.2), 
respectively. Moreover, C(-,-) and Q(-, •) are non-negative definite kernels, K(s) > 0, |M(s)| < y/K(s), for 
all s > and 



(2.11) 



<K{s){t 2 -h) 



R(s, u)du 

For every r, L > 0, define the function: 
(2.12) f{x) : f L , r (x) = L(x r) 2 ■ 1 + °'' r 



0<h<t 2 <s<oo. 



k > m/4, fceZ,L>0, 



that is easily seen to satisfy conditions (2.3 1 and (2.4). We will derive in Section |4] the equations for the hard 
spherical constraint, by taking the limit L — * oo. Notice that if there is no magnetic field (i.e. h = 0), the 
equations for the correlation C(-, •) and the response R(-,-) will decouple from the magnetization, resulting 
with the system derived in |14j . 



Theorem 2.3. For every r > 0, let (iWx, iT ., Rl,t, Ck,r>Q-k,rj ^L,r) be the unique solution of the system (2.6)- 
( 2.10| with potential fh,r{-) as in (2.12) and initial conditions Kl i7 .(0) = Qi, r (0,0) — r > 0, Mi jr (Q) = ayr, 
a € [0,1) and Ri,,r(t,t) = 1 for every t > 0. Then, for any T < oo, (Af^.r, RL,r,CL,r,Qh.r, Kl.t) converges 
as L — > oo, uniformly in s,t € [0,T], towards (M, R,C,Q, K) that is the unique solution in C 1 (K + ) x C x (r) x 
Cl(K^) x CJOR" ) x C 1 ^) /; 



s > 
s > f > 

s > f > 



(2.13) 


SM(s) 


(2.14) 


diR{s,t) 


(2.15) 


diC(s,t) 


(2.16) 


diQ(s,t) 



diC(s,t) = -n{s)C{s,t)+p 2 / C(u,t)R(s,u)u"(C(s,u))du 



(3 2 / v'(C(s,u))R(t,u)du + h r M(t), 



dxQ{s,t) = -n(a)Q(a,t) + f3 2 / Q(u,t)R(s,u)i/'(C(s,u))du 



+ /3 2 v'(Q(s,u))R(t,u)du + h r M(t), 



s,t > 
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where h r 
(2.17) 



h, k = 1 and 



^( s ) = ^;( fc + 2 / 32 / ip(C{s,u))R(s,u)du + 2h r M(s) 



satisfying M(0) = a^/r, C(t,t) — K(t) = r, R(t,t) = 1, for all t > 0. Moreover, C(-,-) and Q(-,-) are 
non-negative definite kernels, with values in [0, r], Af(s) S [0,-y/r], /or aZZ s > , R(s,t) > and 



(2.18) 



i?(s, w)du 



<r(ta-ti) ; 



0<£i<i 2 <s<oo. 



The predicted structure of the solution is more complicated in the mixed spin case than in the pure spin one. 
However, we show in Section [5] that as r increases, only the highest level interactions will matter, effectively 
making the system behave like a pure spin one. (i.e. v(x) is a monomial). Namely, we prove: 



Theorem 2.4. For a € (0,1) and r > 0, let (M r , R r ,C r ,Q r ) the unique solutions of (2.13 1 -( 2. 17 \ for 

h r = /ir^" 1-1 )/ 2 , with initial conditions M r (0) = ot^Jr, C r {t,t) = Q r (0,0) = r > 0, and R r (t,t) — 1, for 
all t > 0. Then for any T < oo, the appropriately scaled functions M r (s) = M r {sr 1 ~ m / 2 )/^Jr, R r (s,t) — 
R r {sr 1 - m / 2 ,tr 1 - m / 2 ), C r (s,t) = C^sr 1 "'™/ 2 ^tr^/^/r and Q r (s,t) = Q^sr 1 -" 1 / 2 , tr^^/r, converge as 
r — > oo. uniformly in s,t£ [0,T], towards the solution of the corresponding pure spin system (i.e. towards the 
unique solution of ( |2.13 l- p.17 1 with h r = h, k = 0, v(x) — a'^ n (m\)^ 1 x m and ip(x) = v'(x) + xv"{x), with 
initial conditions M(0) = a, C(t,t) = Q(0,0) = 1 and R(t,t) = 1 for all t>0). 

In Section [6j we will analyze the solutions of the system ( |2.13 l-(2.17l in the high temperature region of 
the (/?, n)-plane, formally establishing the existence of the FDT regime. The analysis is done in the absence 
of a random magnetic field (i.e. ^'(0) = 0). In this regime, the correlation, the response and the overlap are 
stationary for large t. Also, both the covariance and the response are decaying exponentially fast to 0. The 
afore-mentioned region is {(/3, h) : (3 < /3a,h < ho} |J{(/3, h) : f3 < "foh} for some non-trivial 70, /?o and 
ho. The presence of the FDT regime for (3 small and h small region comes as no surprise, in the light of the 
results proved in [T3], where the authors have established similar results for j3 small and h = 0. However, the 
occurrence of the same regime in the region bounded by ^ < 70 as well as the asymptotically linear relation 
between the critical inverse temperature and the intensity of the field is novel and represents an important 
contribution to the field. 

Theorem 2.5. Suppose z/(0) = 0. Let (M,R,C,Q) be the unique solution of ( |2.13[ )-( [2~l7| ; for h r = h. 

k = 1/2 and r = I, with initial conditions R(t,t) = C(t,t) = Q(0,0) = 1 and M(0) = a € (0,1]. Then there 
exist Po, ho, 70 > such that if either 7 — - 



lim Q(t + r,t) = 



ifdt 



lim C(t + T,t) = C tdt (T), 



f < 70 or (3 < fio and h < ho, then for any r > 0, 
lim M(t) = M fdt = 2/i(l - Q fdt ) 

£ — >oo 

lim R(t + r,t) = i? fdt (r) = -2<9C fdt (r) 



Furthermore, M idt , Q fdt , C fdt (r) G [0,1], i? fdt (r) > 0, Q fdt is only solution of the equation: 
(2.19) Q = 4(l-Q) 2 [/3V(Q) + n 2 ], Q £ [(l — (2n) _1 ) A 0, 1] 

and C fdt is the unique [0, l]-valued continuously differentiable solution of the equation: 



(2.20) 



C'(s) 



<i) (C{v))C'{ S -v)dv- 1 -, C(0) 



1 



for 4>(x) = 2 (i- 1 Qf'dt) + 2/3 2 (z/'(a;) — z/(Q fdt )). Moreover, i? fdt (-) decays exponentially to zero at infinity and 
C (•) converges exponentially fast to Q idt 



s 
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Equation (2.20) has been analyzed in detail in Proposition 1.4 of [2]. The authors have shown that, for 



any choice of </>(•) such that 
(2.21) 



sup {<f>(x)(l -x)}> - 

xS[0,l] A 



the equation has an unique solution in [0, 1], that is decreasing, twice differentiable and converges as s — > oo 
to C°° = sup{a; £ [0, 1] | <p(x)(l — x) > 1/2}. Furthermore, they show that the condition: 

(2.22) <j}{C°°) ><j>' (C°°)(l - C°°) , 

is necessary for the exponential convergence of C'(s) to zero as s — > oo when <f>(-) is convex. 



First, it is easy to check that for our (f>(x) of Theorem 2.5 
and furthermore, C°° > Q idt . Setting c (h) € (0, oo) via 



(2.23) 



1 



4&(/i) 2 



sup 



fdt )(l - Q fdt ) = 1/2, hence fOl) is satisfied 
(z/(z)-i/(Q fdt ))(l-z)(l-Q fdt ) 



x - Q 



r< it 



x € (Q ) i] 



it is easy to check that C°° = Q if /? < /3 C (M whereas C°° > Q for /3 > fl c (h). Further, considering x — > 
in (2.231 we find that 



(2.24) 



> i/'(Q tdt )(l-Q fdt ) 2 



4/3 c (/i) 5 



so, in particular, the condition (2.22) then holds for any f3 < (3 c (h) (since in this case, as mentioned C°° = Q fdt ). 
Furthermore, since Q fdt is a solution of ( [2491 ), from P^4| we get /3 c (h)- 2 (p c (h) 2 is'(Q m ) + h 2 ) > Q fd V'(Q fdt ), 
so: 



7c(^) 2 



< 



1 



1 



Qfdt y>, (Qfdt) _ jy'(Qfdt) j//^) _ 



This indicates that though the values of /3o(h) < joh for which we have formally established the FDT regime 
in Theorem 2.5 are quite small, they should match the predicted dynamical phase transition point f3 c (h) of 
our model. Furthermore, < liminf7 c (/i) < limsup7 c (/i) < oo, indicating that (3 c (h) will be asymptotically 

linear in ft. Figure [T] in the introduction summarizes all the information above. 



3. Limiting Soft Spherical Dynamics 



This section is dedicated to proving Proposition 2.2 The line of proof follows closely 7 , and references will 
be given, when appropriate. First, recall that: 



(3.1) 



G*(x) := -^(itf (*)) = £ £ Ju,.., v ^ 

p=l W >• !<»!,...,*„_!;- - 



, <iV 
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We will start by introducing some notation. For qi,q2 € {1,2}, define 



C 



N 



N 



iV 

i=i 

N 



K%> q2 (s) := C 



% ' q ( s , s ) , 



xr 2 (M) 



TV ^ 

i=l 



r 9l,« 



(3.2) 
and 

(3.3) 



1 w 

-]rG i (x^r 

i=l 



1 - 



1 w 

-^G l (x^)Bf'\ 



wTO - 



i N 
-Y 

i=l 



B'l 



D^(s,t) 



-f'(E(K^ {t)))C$ m (s, t) + (t, a) 



(s, t) := -/'(E(tf#* (s))) X %- q2 (*, t) + (s, t) 



where for q = 1,2, {B«} s > = {{B 



9,1 



9,1 



r q,N 



. . , -Bf ,JV )}s>o, are two iid N-dimcnsional Brownian motions and 



)} s >o are the two replicas sharing the same frustrations J, with the noise given by 



the realization of the Brownian motions above. Also, when it is clear from the context that there is only one 
replica, for simplicity of the notation, the superscripts indicating the replica index will be omitted. 

Also, in order to simplify the (already heavy) notations, we will embed the constant into {a p } resulting with 
PGi(-) i— > G J (-) and then having = 1 in the stochastic differential system (1.6 1. Adopting this convention, 
we will have from now on = 1. 

3.1. Strong Solutions and Self- Averaging. First, by similar arguments to the ones employed in Proposi- 
tion 2.1 of 7 , we will show that if /' is locally Lipschitz, satisfying (2.4), then there exist an unique strong 
solution to (1.6 1. Namely, we show: 



Proposition 3.1. Assume that f is locally Lipschitz, satisfying (2.4-). Then, for any N 6 Z + , almost any 
3, initial condition x and Brownian path B, there exists a unique strong solution to (1.6). This solution is 
also unique in law for almost any 3, and xo, it is a probability measure on C(K+,1 
Further, with 

-l 



l N ) which we denote T . 

' x ,J 



(3.4) 



JV 



max sup 

1<1><TT» | j u l 1 1 < i , l<i<p 



N 



E 

l<i fe <AT,l<fe<p 



we have for 5 > of (2.4), q '■= m/(2S) + 1, some k < oo, all N, z > 0, J, and x , that 



(3.5) 



J sup K N {t) > K N (0) + k(1 + || J|| 



TV 



h) q 



z < e 



-zN 



Consequently, for any L > 0, there exists z = z(L) < oo such that 



(3.6) 



sup K^{t) > z ) < e 

teR+ 



-LN 



Proof of Proposition 3.1 The proof follows the same lines as the proof of Proposition 2.1 of [7]. Namely, 
considering the truncated drift b M (u) = (6f (u), . . . , b%(u)) given by 6f(u) = G i (<7j M (u)) - (iV - 1 juj 2 A 
M)u l + h, where </>m(x) = x when ||x|| < \/ NM, we see that 
unique square-integrable strong solution u^ M ) for the SDS 

dul = bf (u t )dt + dB\ 



M 



is globally Lipschitz, hence there exist an 
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(see, for example Theorems 5.2.5, 5.2.9]). 

Fixing M and denoting x 4 = and Z s = 2N~ X J2iLi lo^" x \dBl, by applying Ito's formula for 

C N {t) := TV^Hxtll 2 W e see that 



(3.7) 



C N (t) 2 dt + Z s + sAt m 



sAtm 



f'(C N (t))C N (t)dt + 2h 



a Atm 



C N (t)*dt. 



Since x 1 ™ f'(x) — > oo, it follows from (3.7l that there is an almost surely finite constant c(||J||^,ft), inde- 
pendent of M, such that 

(3.8) C N (s) < C N (0) + c(\\3\\Z,h) s + Z s 

As the quadratic variation of the martingale Z s is (4/iV) J* Q S TM Cxfydt < AsN~ l M, applying Doob's inequal- 
ity (c.f. [13 Theorem 3.8, p. 13]) for the exponential martingale = exp(AZ s - 2{\ 2 /N) J^™ C N (t)dt) 
(with respect to the filtration {Tit} of B t ), yields that 



(3.9) 



sup{Z s -2 [ C N {t)dt} > z ] < P (sup L 

s<T Jo J \s<T 



N >£ zN 



< e 



-zN 



for any z > 0. Therefore, (3.8) shows that with probability greater than 1 — e 



zN 



C N (s A t m ) < C N (0) + c(||J||£, h)T + z + 2 



sAt m 



C N (t)dt , 



for all s <T, and by Gronwall's lemma then also 



(3.10) 



supiV ]u 



-1|„( M ) |2 



t<T 



tAT M I 



< [C N (0) + c(\\3\\Z,,h)T+z]e 



„2T 



Setting z = M/3, for large enough M (depending of N, h, J, xo and T which are fixed here), the right-side of 
(3.101 is at most M/2, resulting with 



{tm 



<T)< e - MN / 3 , 



where tm = inf{£ : || > \/NM}. and hence that 



(3.11) 



Af=l 



so establishing the existence of the solution after an application of the Borel-Cantelli lemma. 

We also have weak uniqueness of our solutions for almost all J since the restriction of any weak solution to 
the stopped a-field TC TM f° r the filtration fit of Bj is unique. We denote this unique weak solution of (1.6 1 by 

pN 
r x ,J- 



Turning to the proof of (|3.5|), by (|2.4|, for any c > there exists n < oo such that for all r, x > 0, 

V 



hx 2 



1 > cx - «(1 + r + /i) 15 



Taking r = ||J||£,, we see that by (3.7 1, for all N and s > 0, 



C N (s A r M ) < C N (0) 



sAt m 



[cc N (t)- K (i + \\j\\z + hy] dt + z. 



where (Z s ) s >q is a martingale with bracket (4iV 1 Jq TM Cjvfydt, s > 0) 
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By Doob's inequality (3.9 1, with probability at least 1 — e 

rs/\T M 



-zN 



sup Z u < 2 

u<sAtm 



C N (t)dt+z, 



(I 



sAtm 



C N {t)dt + k(1 



for all s > 0. Setting c = 3 we then have that 
(3.12) C n (sAt m ) < C N (0) + z- 

so that by Gronwall's lemma, 

C N (s A tm) < e- sA ™(C N (0) + z) + k(1 + ||J| 



N 



h) q (sAT M ) 



sAtm 



from which the conclusion (3.51 is obtained by considering M — ► oo. 

In view of the assumed exponential in N decay of the tail probabilities for KnJO) and the bound (B.7) of 
[7J on the corresponding probabilities for ||J||^ we thus get also the bounds of (3.6 1. □ 

The next is to extend the arguments in Propositions 2.2 - 2.8 of 7 , in order to show that any of the functions 
A q ^' q2 ,F^' q2 ,x%' q2 ,C^' q2 ,W^,R%,M^ and L N self-averages for N large. More precisely we show that: 



Proposition 3.2. Suppose that 'J 



is locally Lipschitz with \^(z)\ < M\\z\\%. for some M,£,k < 



and Zn £ ffi is a random vector, where for j — 1, . . . ,£, the j-th coordinate of is one of the functions 
A q N 92 ,F^ uq \x q N q \C^' q2 , W$,M% or L N , evaluated at some (sj,tj) e [0,T] 2 (or at Sj G [0,T], whichever 
applies). Then, 

9(E[Z N ])\=Q. 



lim sup \E[V(Z N ) 



Proof of Proposition 



3.2 



The proof is structured as follows: first we show that E[sup s t<T \U N (s,t)\ k ] and 
E[ sup^^y l^ / Af( s )| fc ] are bounded uniformly in N and also that for any fixed T < oo, the sequences Uj^(s,t) 
and Vn(s) are pre-compact almost surely and in expectation with respect to the uniform topology on [0, T] 2 , 
respectively [0, T) . Here U is any of the functions C qi m , F qi • q2 , \ qi ' q2 > A qi ' 92 or L and V is one of the functions 
M qi or W qi . The next step is to establish, similarly to Proposition 2.4 of [7], that all the functions U and V 
above self-averages, namely: 



(3.13) 



E 1 

N 
N 



sup \U N (s,t)-E[U N (s,t)}\ > p 

s,t<T 



< OO 



sup\V N (s)-E[V N ( S )}\>p 

s<T 



< OO 



implying by the uniform moment bounds on ||J7jv||oo an d ||Vjv||oo that we have just established, that: 



lim sup E 

N^oo s ,t<T 



(3.14) 



\U N (s,t)-E[U N (s,tW 
= 



lim supE \V N (s) -E[V N (s)]\ 

N^co S<T L 



The final step is to establish the claim of the proposition, by using (3.141 and the uniform bounds on the 
moments that we have just established. 

By our hypothesis, the mapping N i— > E[i^Ar(0)' c ] is bounded. Since both replicas have the same starting 
point K% q (Q) = K N (0), for q G {1,2}. Also, by the estimate (B.6) of Appendix B, of (7J, 

(3.15) supE[(||J||^) fc ] <oo, 

N 
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for any k < oo, for the norm ||J||^ of ( 3.4 1 , the bound (3.5) immediately implies that for each k < oo, and 
any q G {1,2} also 



(3.16) 



Define II V, 



supE 

JV 



sup 

,tGR+ 



< OO . 



Alloc 



sup{V N {t) : < t < T} and \\U 



Alloc 



sup{U N (s,t) : < s,t < T}. Also let B%(t) 



W Tti(Bf)\ GUt) := £ Ef=i(G l (xn) 2 and L N (t) := £ Si=i( E B [x\]) 2 ■ A key result is the bound 



(3.17) supE[(||J||^) fc ] +supE[||i A r||^]+supE[||K 7V ||^]+supE[||B 



A 



N 



N 



N 



Vlloo] 



-supE[||Gjv| 

A 



< OO . 



for every fixed k, where we have dropped the replica index (since we are taki ng the expected value anyway). 
Indeed, the bounds on \\3\\^ and ||i^^ 9 ||oo are already obtained in (3.151 and (3.161, and by Lemma 2.2 of [7J 
we have that 

(3.18) (G q N (t))^ <c\\3\\^[l + K q N q (t)^}, 



yielding by (3.15) and (3.161 the uniform moment bound on ||G"^||oo- Also, by Jensen's inequality, E[||Ljv||oo] < 



n\\K N \\L 

moment of \\B q 



AMIoo- 

and finally, the exponential tails of B q N (c.f. [71 (2.16)]), will provide an uniform bound for each 



A 1 1°°' 



thus concluding the derivation of (3.17). 



Similarly, by (3.6 1, (3.181, the exponential tails of B N mentioned above and the exponential tails of |JJ 



IN 



(c.f [3 (B.7)]), we have for each L > the bound: 
/ 2 



(3.19) 



I A 



\L 



A oo 



l A ll°° 



l-Sjvlloo ' 



I "Jf II oo 



] > M) <e 



-LN 



£01^ 

\ 9=1 / 

will hold for some M = M(L) < oo and for all N. Applying Cauchy-Schwartz inequality to Un and Vjv and 
using the estimates (3.17) and (3.19), we see that E[sup s t<T \U N (s,t)\ k ] andE[ sup s <^ | VAf(s)| fe ] are bounded 
uniformly in N. The argument is similar to the one employed in Proposition 2.3 of the cited paper. 

With the previous controls on ||£/jv||oo and ||Va||oo already established, by the Arzela-Ascoli theorem, the 
pre-compactness of Un, respectively Vn follows by showing that they are equi-continuous sequences. We notice 
that such Ujy(s, t) and Vjv(s) are all of the form J^iLi a% sK hence, 



A A 

\U N (s,t)-U N (s',t')\ < _^|at-ai / ||6*| + -X;|oi,||6*-6*, 



(3.20) 



< 



i=i 
1 N 

-Y 



A |2 



1/2 



1 N 

~Y\b 



i=l 



1/2 



1 N 



b\,\ 2 



i=l 



1/2 



1 - 



1/2 



and the same is true also for \Vn(s) — Vn(s')\, where the functions & s and h s are either xf, Bf, G(xf), for 
some q € {1,2}, Eb[x s ] or 1. So, in view of (3.171 and (3.191, it suffices to show that for any e > 0, some 
function L(5, e) going to infinity as S goes to zero and all N, 



sup 

\t-t'\<8 



1 N 



bl, 



i |2 



(3.21) 



sup E 

\t-t'\<s 



i=l 
N 



> e < e 



-L(S,e)N 



<L(S,e)- 



for b = x 9 , B«, G(x«) and E B [x]. Obviously, this holds for b = B«. Also, since by (1.6 1 



\xr-x«/\<\Br 



B q / 



\xV\du- 



\G l (*l)\du + h(t' -t) 
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we get, by (2.3 1, for some universal constant pi < oo, all t,t' and N, 

N 



N 



< 



N 



r? 



i=l 



+4|t - t'\ 2 Pl (l + WK^rWKllU + \\Gl\U + h 



hence by the bounds established on ||Grjy||oo an d ll-^jvlloo, we establish (3.21) for b = x 9 . An application of 
Jensen's inequality will imply the same result for b = Eb[x]. Using the results in Lemma 2.2 of [7], we can 
now establish (3.21 1 for b = G(x 9 ), thus concluding the equi-continuity of Un an d Vjy, hence the fist step of 
the proof. Note that we have actually shown a stronger result that we will use later, namely that for all e > 
there exists L(5, e) — > oo for S — > 0, such that for all N, 



(3.22) 
and also 

(3.23) 



sup \U N (s,t) - U N (s',t')\ > e < e-W* 
v | s -y|+|t-t'|«5 / 

P( sup \V N (s)-V N (s')\ >e) < e - Z ^ N 

\\ss'\<8 I 



sup \E[U N (s,t)]-E[U N (s',t')]\ <L(<5,e) _1 

\s-a'\+\t-t'\<8 

sup \E[V N {s)]-E[V N (s')]\ <Z(5,e)- x . 

|s-s'|<(5 



The next step, as mentioned earlier is to establish (3.131 and (3.141. We will use the same approach as in 
the proof of Proposition 2.4 of [7], by applying the estimate in Lemma 2.5 to Un(s, t) and Vn(s), respectively, 
for any fixed pair of times s, t. For every M < oo and any TV, define the subset: 



W/ = {(xo,J,B 1 ,B 2 )e£ A r : ||J||£ + ||-M|oo+£[||B 



Arlloo 



\K q - q \\ 



9=1 



\G q N \U < M } 



of £m- For M sufficiently large, the probability of the complement set C° N M decays exponentially in N by 
(3.191. Since the uniform moment bounds for the functions t/jv(s,t) and Un(s) has been established, as well 
as the stated pointwise bound in £n,Mi the only other ingredient that we need to be able to apply the bound 
in Lemma 2.5 in the cited paper is the Lipschitz constant of Un and Vn on Cn,m- 

To this end, let x 9 , x 9 be the two strong solutions of ( 1.6 1 constructed from (xq, J, B 1 , B 2 ) and (xq, J, B 1 , B 2 ), 
respectively. If (x , J, B 1 , B 2 ) and (x , J, B 1 , B 2 ) are both in £n,m, then 



(3.24) 



sup 

ktN 



^ i|2 < ^o(Af,r) ||(x0)J)B9) _ ( ~ 0;J;Bg)) |2 



Ki<N 



< 



N 

Dq(M,T) 
N 



(x 0) J,B\B 2 )-(xo,J,Bi,B2)|| 2 



for some D a (M,T) independent of N, where the first inequality is due to Lemma 2.6 of [7]. Now, equipped 
with (3.241, we can easily show the desired Lipschitz estimate for all of the functions of interest ?7jv(s,t) and 
Vn(s), namely: 



(3.25) 



sup \U N (s,t)-U N (s,t)\ < D( ^ T) ||(xo, J.BSB 2 ) - (x , J.BSB 2 ) 

s,t<T VN 
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Bwp\V N (a) - V N (s)\ < ^^ IKxp.J.BSB 2 ) - (xo,J,B\B 2 ) 



and 
(3.26) 

where the constant D(M,T) depends only on M and T and not on N. Indeed, since every {7jv(s, i) and every 
Vn(s) is of the form -L X)i=i a s^t> then (3.201 will hold, with the functions a t and b t being one of xf, Bj, 
G(xj), Eb[x] or 1. By the same proof as the one employed in Lemma 2.7 of [7J, we see that: 



1 N ~ 
-£|G«(x«)-G*(x*)| 2 



j=i 



1/2 



<S||(x ,J,B 1 1 B 2 )-(i.,J,B 1 ) B 2 ) 



and 



1 N 



1/2 



N 



<c\\3\\l{l + M m -')<C{M) 



Also, Jensen's inequality applied to (3.24) shows: 



supl |EbK]-EbK]| 2 < 



iV 



Ki<N 



Do(M,T) 
N 1 



(x ,J,B 1 ,B 2 )-(x ,J,Bi,B2)|| 



The last three bounds, together with the (3.24) plugged into equation (3.201 and is's analogue for V, will 
show the Lipschitz bounds (3.251 and (3.261, whenever (xo, JjB^B 2 ) and (xo, JjB^B 2 ) are both in Cn,m- 

As noticed before, we have all the ingredients for applying Lemma 2.5 of [7] to Vm '■= t/jv(s,i) and Vjy := 
Vjv(s), for any fixed s,t < T, yielding: 

(3.27) V[\V N -E[V N }\> p] < C 1 cxp ( -C I . ! V: 



2D(M(L)) 
+4(K + M(L))p- 1 e- iAr / 2 + e- NL . 

for constants K and D = D(M(L), T) independent of s, t, p and iV. Consequently, by the union bound, for any 
finite subset A of [0, T} 2 and B of [0, T] and any p > 0, the sequences N h-> P[sup (S| t)e-4 [ ^(s, t)— E fE/jy^s, > 
p/3] and N i-> P[ sup s gg |V)v(s) — E[Vjv(s)]| > /°/3] are summable. Reca lling ( |3.22| and ( |3.23[ ), we choose 
(5 > small enough so that L(2S,p/S) > 3/p > 0, we thus get (3.131 by considering the finite subsets 
A = {(iS,jS) : i,j = Q, 1, . . .,T/6} and respectively B = {iS : i = 0, 1, . . . , T/5}. 

Now, we have all the ingredients needed for finalizing the proof. For each r > R let c r denote the finite 
Lipschitz constant of ^f(-) (with respect to || • || 2 ), on the compact set F r := {z : \\z\\k < r}. Then, 

\E[V(Z N )]-*(E[Z N ])\ < E\Hf(Z N )-Hf(fi[Z N ])\l Ztr&r 

+E\«£(Z N )\l ZNirr + \*(E[Z N ])\F[Z N <£ T r ] 



< 



\Z N -E[Z N }\\ 2 } + 2lMr- k E\\Z_ 



N 2 



We have by (3.141 and the uniform moment bounds of C/jv(s,i) and V/v(s) that swp Sj t . E[\\Zpj — EZ 
as N — > oo, while d = sup s . t . N E||Zjv|| 2 ' c < oo, implying that: 

lim sup |E[*(Zjv)] - *(E[Zjv])| < 2c'£Mr- k , 

which we make arbitrarily small by taking r — > oo. □ 
Notice that, since £at(s, t) and Qn(s, t) have the same first moment, for every s and t, the above proposition 
implies that any limit point of Ljy(s,i) is also a limit point of Q]\[(s,t). 
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3.2. Getting the Limiting Equations. The key step of the proof of Proposition |2 . 2| is summarized by 

Proposition 3.3. Fixing any T < oo, any limit point of the sequences K[Mpf], E[xn], E[CW] and E[Qn] 
E[Cjy ] with respect to uniform convergence on [0,T] 2 , satisfies the integral equations 



N 

(3.28) 

(3.29) 

(3.30) 

(3.31) 
(3.32) 



(3.33) 



(3.35) 
(3.36) 



M(s) =M(Q)+hs+ / P{u)du, 



X(s,t) =sAt+ / E(u,t)du 



C(s,t) =C(s,0)+x(s,t)+ / D(s,u)du + htM(s), 



Q(s,t) = Q(s,0) + / H(s,u)du + htM(s), 



P{t) 



f(C(t, t))M{t) + y'(C{t, t))M(t) - i/(C(0, t))M(0) 



u'(C(t,u))P(u)du- / M(u)v"{C{t,u))D(u,t)du 



M(t) / M(u)is"(C(t,u))du + / v'(C(t,u))du 



E(s, t) = - f(C(s, s)) X (s, t) + X (s, t)i/(C(s, s)) - hQ(s) / i/'(C(s, u)) X (u, t)du 



X(w, t)v"(C(s, u))D(s, u)du 



i/(C(s,u))du- / i/(C(s,u))E(u,t)du, 



(3.34) D(s, t) = C(s, t V s)v'(C(t V s, t)) - C(s, 0)v'(C(0, t)) - f'(C(t, t))C(t, s) 



i/(C(t,u))D(s,u)du- 



C(s, u)v"(C(t, u))D(t, u)du 



M(t) / C(s,u)i/'{C(t,u))du + M(s) / i/(C(t,u))du 



- h 

H(s, u) = - f'(C(t, t))Q(t, s) + X(s, u) + Y(s, u) 
X{s, t) = Q(s, t V s)v'(C(t V s, t)) - Q(s, 0)i>'(C(Q, t)) 



u'(C(t,u))H(s,u)du- / Q{s,u)v"{C(t,u))D{t,u)du 



- h 



M(t) 



Q(s,u)v"(C{t,u))du+ M(s) / v'(C{t,u))du 



and Y(s,y) is defined similarly to X(s,t), with the roles of C and Q and respectively D and H reversed, in 
the space of bounded continuous functions on [0,T] 2 , subject to the symmetry conditions C(s,t) = C(t, s) and 
Q(s, t) — Q(t, s) and the boundary conditions E(s, 0) = for all s, and E(s, t) = E(s, s) for all t > s. 



We will then show in Lemma 3.4 that every solution of (3.28 1-( 3.36 1 is necessarily a solution of (2.6 (-(2.10 1, 
thus allowing us to conclude the proof of Proposition |2.2| upon showing, in Proposition |3.5| the uniqueness of 
the solution of p!6|-( |2.10| ). 

Lemma 3.4. Fixing T < oo, suppose (M,x,C,Q,D,E,P,H) is a solution of the integral equations \3. 28 ) 
(3.36) in the space of continuous functions on [0,T] 2 subject to the symmetry conditions C{s,t) — C(t,s) 
and Q(s,t) — Q{t,s) and the boundary conditions E(s,0) = for all s, and E(s,t) = E(s,s) for all t > s. 
Then, x(s, t) = R(s, u)du where R(s, t) = for t > s, R(s, s) = 1 and for T > s > t, the bounded 
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and absolutely continuous functions M,C,R,Q and K(s) = C(s, s) necessarily satisfy the integro- differential 
equations ^2.6^- ^2.10] ). 

Proposition 3.5. LetT > 0. There exists at most one solution (M, R,C,Q, K) mC 1 (M+) xC l {T) xCl(VL 2 + ) x 
Cl(R 2 + ) x C 1 (R+) to d^6|- p^0] with R(s, s) = I, C(s, s) = K(s), Vs > 0, C*(0, 0) = Q(0, 0) = K(0) and M (0) 
known. 

We will now change the notations in [7], denoting in short Up' 92 := K[Uff' qz ], whenever U is one of the 
functions of interest A,C, F, K,x, D, E and respectively, := E[V^], whenever V is one of the functions 
M, P or R. As before, when there is only one replica present, we will drop the index superscript (for example 
C = C 1 > 1 ). 

Recall the integrated form of the equation (|1.6|), for q = 1, 2 and i = 1, . . . , N: 



(3.37) 



/ / (iT#«(u))a# 4 du + / G\xl)du + hs 



From now on, we will write X = Y whenever the random variables X and Y have the same law and a at ~ b^ 
when ajv(-, -) — &/v( - , ■) — > (or aAr(-)— 6jv(-) — > 0) as iV ^ oo, uniformly on [0, T] 2 (or [0, T], whichever applies 
Let us denote by Qiy(s,t) := (s,t) = (s,t) (since (s,t) = (s,t)). Applying Proposition 
(for ^f(z) = zxf'iz.'i) whose polynomial growth is guaranteed by our assumption (2.3)), we deduce that: 



3.2 



and 



E[f'(K^(u))U^(u,t)} ~ f'(K^(u))U^(u,t) 
E[f'(K N {u))M N (u)\ ~ f'(K N (u))M N (u) 



whenever U is one of the functions C or \. Hence, upon multiplying (3.37) with x q ' % \ B q,t , x^ q,t and 1, 
respectively, followed by averaging over i and taking the expected value, we get that for any s, t G M + , 



(3.38) 


Mjv(s) 


~ Mjv(0)4 


hs- [ f'(K N (u))M N (u)du+ [ R N (u)du 
Jo Jo 


(3.39) 


Xiv(M) 


=s XA(0,t)- 


ft As- / f'(K N (u))xN(u,t)du+ [ F N (u,t)du 
Jo Jo 


(3.40) 


C N (s,t) 


C N (0,t) 


+ XN(t,s)-f f(K N (u))C N (u,t)du+ [ A N (u,t)du + hsM N (t) 
Jo Jo 


(3.41) 


Q N (s,t) 


- Q N (o,t) 


- ( f'(K N (u))Q N (u,t)du+ [ A]f(u,t)du + hsM N (t). 
Jo Jo 



In the following proposition, we will approximate the terms Rn, Fn, Rn and A^ , in order to compute the 
limits of fl3.38| -( |3.4l| as N -> oo. 

Proposition 3.6. We have that 

(3.42) A N (t,s) ~ i/'(Cjv(MVs))Cjv(s,tVs) - i/'(C N (t,0))C N (s,0) 



- h 



(3.43) ^ 2 (t,s) 



v"{Cpf(t, u))Cn(s, u)DN(t, u)du — / v' (CN(t,u))Djs[(s,u)du 

Jo 

M N (t) / C N {s,u)v"{C N {t,u))du + M N (s) / ^(^(t.ujjdu 
Jo Jo 

53 [i/^tt, < V s))C^(.s, t V *) - v'{Cf{t, 0))C 2 /(s, 0) 



r=l 
2 r /.sV* 



E 



^'(C^ 1 (t,M))D^ z (s,u)du+ / v''{C r ^ L {t,u))C z /{s,u)D r ^{t,u)du 
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h z2 



M N {t) 



C% r (s,u)v"(C% r (t,u))du + M N (s) I v'{C z /{t,u))du 



l//~,2,r/ 



(3.44) F N (s,t) 



XN{s,t A s)v'(C N {s,s)) 

ctAs 



v'(Cn(s, u))En(u, t A u)du 

v'(Cn(s, u))du — I \N(u,t t\u)v h '(CN(s,u))DN(s,u)du 
Jo 

hM N (s) / v" {CjM{s,u))xN{u^t Au)du, 



and 
(3.45) 



R N (t) 



u'{C N {t,t))M N {t) - t/(C N (p,t))M N (p) 



M N (u)i/'(C N (t,u))D N (u,t)du - / v'{C N (t,u))P N (u)du 



du . 



M N (t) / M N {u)v"{C N {t,u))du+ / u'(C N {t,u)) 



It is clear that using the results in Proposition 3.6 in formulas (3.38 1-( 3.41 1, we have proved Proposition 



3.3 We shall start by developing the tools needed to conclude the proof of Proposition 3.6 To begin, we first 



prove a slightly more general version of Lemma 3.2 of [TJ. The proof is essentially the same, replacing x\ by 
x 91,3 and x\ by a;f 2 ' 1 , respectively and will not be repeated. 

Lemma 3.7. Let Ej denotes the expectation with respect to the Gaussian lawVj of the disorder!. Then, for 
the continuous paths x 9 £ C(R_|_,R ), q £ {q\, q2}, and all s,t E [0,T] and i,j £ {!,..., N}, 



(3.46) 



k i ,. 



'(x) 



N 



v"{C q ^{s,t)) + l l=3 v'{C^ qi {s,t)) 



where jfe*'*" y (x) := E 3 [G i {-x q t 1 )& {^f)\. 

Fixing continuous paths x 9 , let k 9l ' q2 denote the operator on L 2 ({1, • • • N} x [0,t]) with the kernel k = 
jfe5i.9a( x ) of ( |3.46[ ). That is, for / e L 2 ({1, • • • N} X [0,*]), u < t, i £ {1, ■ ■ ■ ,N} 

N 

(3.47) 



[k q t uq2 f]u = E / Wv^fidv, 

3 = 1 J ° 



which is clearly also in L 2 ({1, ■ • • N} x [0, t]). We next extend the definition (3.471 to the stochastic integrals 
of the form 

N ,t 



[kr q2 odz]i = Y, I k iv q2 ' ij dzi 

3 = 1 J ° 



where Z J V is a continuous semi-martingale with respect to the filtration J- t — cr(x 91 , x 92 : < u < t) and 
is composed for each j, of a squared-integrable continuous martingale and a continuous, adapted, squared- 
integrable finite variation part. In doing so, recall that by (3.46), each k z J v (x.) is the finite sum of terms 



such as x?, 1 ' 



r gi,Ja T 92 ,31 . . . 



x q , 2 ' Jb , where in each term a, b and i\, . . . ,i a , ji, . . . , jb are some non-random 



integers. Keeping for simplicity the implicit notation J Q k^ 92 '^ dZ° v we thus adopt hereafter the convention of 
accordingly decomposing such integral to a finite sum, taking for each of its terms the variable x\l 



. . . rpqi,la 



outside the integral, resulting with the usual Ito adapted stochastic integrals. The latter are well defined, with 
[fc? 1 ' 92 o dZ]i being in L 2 ({1, • • • N} x [0,*]). 

Our next step is to generalize Proposition C.l of [7J: 
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Proposition 3.8. Let m G Z + and suppose under the law P we have a finite collection 3 = { J a } a of non- 
degenerate, independent, centered Gaussian random variables, and G q ' % = ^ Q J a L q,l (a), for q = 1, . . . ,m, for 
all s € [0, t] and i < N , where for each a the coefficients Lf l which are independent of 3 and also of each other, 
for different q's, are in L 2 ({1, . . . , N} x [0,r]). Suppose further that U q ' 1 are continuous semi-martingales, 
independent of 3 and such that for each a and q, the stochastic integral 

N 



is well defined and almost surely finite. Let P* denote the law of 3 such that P* = Og=i L q /E yY\™=i 
where 



(3.48) 



£? = exp j]T £ GfdUr - \ £ [(Grfds^j 



Let = E*(Gf l ), k qi s ' q2 ' lJ = E(Gf 1 ' l G q2 ' j ) and Tf s ' q2 ' tJ = E*[(Gf ' l - V? 1,% ){Gf>i - V*"*)]. Then, for any 
s < t, i < N and q € {1, . . . , m}, 

m rn 

(3.49) + 5>m: - Y} k r r ° dur Ys , 

r—l r—1 

and for any s,t < t, i,l < N and q\,q2 € {1, . . . , m} 

N N 

,q2,il _ y.q\,qi,H 



(3.50) ££ / fc^T^' + rS 

r=l ,-=1 J ° 



t — "-si 



Proof of Proposition 3.8 Let v a = E(J„) > denote the variance of J a and 
(3.51) ^7 : =£ / LY(a)Lrh)du, 

observing that 

L? = exp { £ J aM * - i £ J Q J,R q ai } . 

a a, 7 

With D = diag(v a ) a positive definite matrix and R := Y^Li = {Y^Li ^a-y} positive semi-definite, it 
follows from this representation of L q , that under P* the random vector J has a Gaussian law with covariance 
matrix (D _1 + X)«Li R 9 ) -1 and mean vector w = {w a } — (D" 1 + X)«Li R- 9 ) _1 (I^gLi A* 9 )- Hence, for any a, 

(m \ m 

9=1 / g=l 
As k qi u q2 ^ = ^ a i»''(a)ii a L« 2j '(a), it is not hard to check that 

[k q ^odU q % := £/ kfu q2 ' ij dUT' j =££r(aK£/ L^(a)dU^ 

a 

Obviously, 
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and also, 



= EW a K^ 



a, 7 



so we get ( |3.49[ ) out of ( |3.52[ ), with the last identity due to ( |3.51[ ). Turning to prove (3.501, since T^ q2 ^ is 

L? ''(7), 



the covariancc of G<£J and Gf under the tilted law P*, we have that 



and hence by (3.51 1 we see that 

N 



a, 7 



i=l 70 j=l - 70 «,T 



9=1 



E / E^^w^wE^'w 

j=l "'O cr a, 7 



(d-'+E^ 1 



9=1 



(D-' + ER'r 1 



9=1 



Lf'(7)dt* 
L?\l)du 



J a7 



E L^VKiCa 

= E^'VX[^ 



(D-i + E^r 1 



9=1 



a7 



(d-'+e^t 1 

9=1 



Lf\l)du 



With D = diag(t> Q ) we easily get (3.501 out of the matrix identity: 



1 + D ( E R<? ) ) ( D 1 + E R9 



D. 



\9=1 



9=1 



Now, the same proof as in Lemma 3.2 of [7], with L T replaced by: 

r n or , jv 

L? = cxp<jE 



-9=1 



E/ G i (x2)d^- i (x)--E / (G l (x?)) 2 d S 
i=i - 70 ^ i=i 70 



□ 



and using Proposition 3.8 above instead of Proposition C.l of [7], will show: 

Lemma 3.9. Let m G Z + and consider m replicas {x 9 } s , for q — 1,. . . ,m, sharing the same couplings 3, 
with the noise given by m independent N- dimensional Brownian motions {B 9 } s . Fixing r € K + and denoting 
x = (xV--,x m ), !eiFf(x)=E[G'(x«)|f r ] and Z«'*(x) = ¥\By\T T } for s £ [0,r]. Then, under Pj ® P^j 
we can choose a version of these conditional expectations such that the stochastic processes 

(3.53) 
(3.54) 



Jo 
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are both continuous semi-martingales with respect to the filtration T t — <r(x„ :0<u<t,l<k< m), composed 
of squared-integrable continuous martingales and finite variation parts. Moreover, such choice satisfies for any 
i, q and s G [0, r], 



is J 



(3.55) vr + 5>mi = E^' r ° dur 

r—l r—1 

and V^ 1 = X^^lil^r q ° dZ r ] l s for any z, q and all s < r. Further, for any v G [0, r] and i, j < N, let 

(3.56) r&®'«(x) := E[(G l (x^ ) - V^(x))(G'(x*) - V^(x))|.F T 

Further, we can choose a version ofT < jl v ,q2 ' /l1 such that for any s,v < t, any qi,q2 G {1, . . . , m} and aZZ i,l < N, 



(3.57) 



m iV 

\^ \^ / uqi,r,ij r r,q 2 ,jl , r qi,q 2 ,H _ y,q\,qi,i 
/ j / j \ ^su 1 ut st — ^st 



Proof of Proposition 3.6 . We first apply (3.55 1 to derive (3.43 1. Fix s, t G [0, T] 2 , let r = t V s and define: 

1 N 



,,92,* 



i=l 



Since x*' 1 is measurable on T T , q= 1,2, we see that: 



= E 



A 



= E[<*(t, S )] = a^ 2 (M)- 



Hence, with t < r, combining (3.551 and (3.531, and suppressing in the notation the dependence of fc^' 92 ' 
and of x, we get: 



(3.58) 



1,2 
2 N 



E 

r=l 



r=l 
AT 



^E / ^ r,w ^**+4E / 

i w r i w r 

^E / /'WM^C'^^+iE / ^ ik ™dxV 

and collecting terms while changing the order of 



Using the explicit expression of kl^' 92 ' 13 from Lemma 3.7 
summation and integration, we arrive at the identity: 

2 r 



r=l 



(3.59) a]f(t,s)=-'^2 / C 2 I f(s,u)v''(C r ^ 1 (t 1 u))a r j^(u,t)du+l v'(C r ^ 1 (t,u))a r ^ 2 (u,s)d 



h Yl \ T Mk(t)Cj} r (s,uy , (C r /(t,u))du+ f M 2 N {s)v'(Cf{t,u))du 



r=l 
2 r 



E 

r=l 
2 

E 

r=l 
2 

E 

!-=l 



f'(K^ r (u))C'}f(s, ^"((^(i, u))C^ r (i, u)du 



/ / (iQ- r (u))i/(C^ 1 (t, u))C^ 2 (m, s)du 



C^ r (s,u)^"(C^ 1 (t,u))d, 1 C^ 1 (u,f) + / i''(C^ 1 (f,it))d u C^ 2 (u, s) 



SPHERICAL SPIN GLASSES 



21 



Applying Lemma A.l of [7] for the semi-martingales x = w = x r , y = x , z = x 2 and polynomials P(x) = x 
and Q(x) = v'(x), the stochastic integrals in the last line of (3.59) can be replaced with: 

2 

(3.60) 



r=l 
2 

E 



i 

2N 



C L N \t,t) I v"{C^{u,t))C^{u,s)du+-C L /{s,t) I v'{C r N \u,t))du 



Now, it is easy to see that since E[sup s t<T \A q ^' q2 (s,t)\] is uniformly bounded in N (see the discussion prior 
to Proposition 3.2), then the same is true for a q ] ^' q2 (t, s), hence the terms in the second line (3.60) above will 
converge almost surely to 0, as N — > oo. Furthermore, a%' q2 (t, s) — E[ J 4^' 92 (t, s)\J- T ] inherits the self-averaging 
property from A q ^' q2 , hence, we can apply Corollary 3.2 with possibly a q ^' 92 as one of the arguments of the 
locally Lipschitz function ^f(z) of at most polynomial growth at infinity. Doing so for the functions z\Ziv'' '(23) , 
and z\v'(z-2) and applying Proposition 3.2 also for / '{z\)ziv'' '(^3)^3 and /' '[z\)v '(22)23, we deduce from (3.59) 
and (13.60} that 



AY(t,s) 



2 r 



E 

r=l 



C 2 n ~(s,u)v" '(C r ^'-(t,u))A r ^ L (u,t)du + I v'(C r ^(t,u))A r ^(u 1 s)du 



11 1 fir, \ 1 



t>-l 



1 if^vAi 



2 r 



M 1 N (t)C 2 j r (s,uy , (C r /(t,u))du+ / M^(sy(C r /(t,u))du 



V / /'(^• r («))^ r (a > «)i/ / (a^ 1 (t,«))C^ p (t > t*)d« 

r=l- y 

E [ T f'(K r /(u)y(C r /(t,u))C r 1 f(u,s)du 

r=l J( > 



r=l 



Finally, recalling that 



A%> q2 (t,s) = D^ q2 ( s ,t) + f(K N (t))C^ q2 (s 7 t) 



and noting that K r ^ r (t) = Kjq(t), for all t and r, setting r = t V s, we indeed arrive at: 



E 

r=l 

^E 



C$ r (s,u)i/ // (C^ 1 (i,ti))i}^ 1 (f,it)dti + / i/'(C^ i (<,u))A^ z (s,M)du 



f /flf. 1 / 



M N (i)C^ r (s,u)z/'(C^ 1 (i,u))du + / M iV (s)z/ , (C^ 1 (t,M))du 



£ V S , i))C^(f V S , s) - v'{Cf{Q, t))d 2 /(0, s) 



that is ( |3.43} . 

For deriving (3.421 next, the single-replica equivalent of (3.431, we can apply the same strategy as above. 
Namely, defining: 



a N ( 



1 N 

(*,«) = -^y/(x)4, 
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we see that a^(t, s) has the same first moment with Apf(t, s). Furthermore, since T T is generated only by the 
realization of one replica up to time t, (3.551 will imply that: 



x c k*,. du 



i r i r 

a N (t,s) + -J2 / x.k&V'du + h— / • 

i,j=l Jo /,; I 

N rr N T 

= nJ2 r(K N (u))x\kz X idu+-Y. / < k tu dx i 

i,j = l = 

Note that the above equation is indeed the one-dimensional version of (3.58) (without the sums and the replica 
indices), so we would expect the results to be similar. Indeed, using the explicit expression of k\ 3 u from Lemma 
|3.7[ we arrive at the identity: 

(3.61) ajv(i, s) = 



-h 



Cn{s,u)v'' '(CN(t,u))aj^(u,t)du — / v'(CN(t,u))a]y(u,s)du 

Jo 

M N {t)C N {s,u)v"{C N {t,u))du + [ M N {s)u\C N {t,u))du 

Jo 

+ I f'{K N (u))C N (s, U y'(C N (t,u))C N (t,u)du 
Jo 

+ f f(K N (u)y(C N (t,u))C N (u,s)du 
Jo 

+ C N {s,u)v"(C N (t,u))d u C N (u,t)+ I v'{C N {t,u))d u C N {u,s) 



Applying again Lemma A.l of [7J, this time for the semi-martingales x=y=z=w=x and polynomials 
P(x) = x and Q(x) — v'{x), the stochastic integrals in the last line of (3.61 I can be replaced with: 

u'{C N {r,t))C N {r,s) - v'(C N (0,t))C N (0,s) 



— C N (t,t)J C N (u, s)v"(C N (u,t))du+ —C N (s,t) J u'{C N {u,t))du 

As before, the terms in the second line above will converge to as N — > oo, and, ajv(i, s) = E[A/v(f, s)|^v] 
inherits the self-averaging property from An- Hence applying Corollary 3.2 with possibly as one of the 
arguments of the locally Lipschitz function ^(z), setting r = t V s and recalling that A]y(t, s) — Dpf(s,t) + 
f'(K N (t))C N (s,t), we arrive at ( |3.43[ ). 

Now, for ( 3.45[ ), denoting r?f(s) = Y^iLi ^7( x ) an d we easily see that f}v(s) = Rn(s), so by (3.55) and 
(3.531 we get that: 



/ W' d «=~£ / f'{K N {u))klxidu+-Y. / >^<i< h x X / ^ 
So, as before, using the explicit expression of k % ^ u , we get to: 

(3.62) rjv(t) = — J M^{v)v'\Cjs[{%u))ajs[{u,t)du — J v'(CN(t,u))risr(u)du 

M N {t)M N {u)u"{C N {t,u))du+ ( v'{C N {t lU ))du 



+ / f(K N (u))M N ( U y'(C N (t,u))C N (u,t)du 
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+ J M N (u)v"(C N (t,u))d u C N (u,t)+ I i/(C N (t,u))d u M N (u) 
+ [ f(K N (u)y(C N (t,u))M N (u)du. 



Once again, Lemma A.l of [7J, helps, this time for the semi-martingales x = z = w = x, y = 1 and polynomials 
P(x) = x and Q(x) — v'(x), hence we replace the stochastic integrals above with: 

M N {T)v'{C N {r,t)) - M N (oy(C N {0,t)) 
~^N Cn ^J M N(u)y"{C N {u,t))du- jjM N (t) J u'(C N (u,t))du 

As before, the terms in the second line above will converge to as N — > oo, and, rp{(t) = E[i?7v(i)|J>] inherits 
the self-averaging property from R^. Hence applying Corollary |3.2j with possibly and as some of the 
arguments of ^(z) and recalling that P/v(t) = -R/v(i) + f'(K^(t))MN(t), we arrive at (3.451. 

Now the derivation of (3.441 is similar to the derivation of its analogue in the proof of Proposition 3.1 in 
[7J. Namely, since: 

E[G\B)] + E[ f T%dv\ = E [[k s o dZ]\Zi] . 



(3.63) 



the equation (3.2) implies: 
F N (s,t) 



= E 



1 jv -I r n t 

- £ e [l k > ° dB Ys\Fs] b\ - e - £ / r» d« 

»■ — 1 A — 1 ^0 



hence by ( |3.37| and (|3.46|): 
(3.64) 



1 W 

F w ( S> *) + ft-^E[E[[*.]i|^,] Bl\ 



i=l 



\ N f r /■* 

The right hand side of ( |3.64[ ) was evaluated in the proof of Proposition 3.1 of 7J. Using their result into (3.641, 
we get, for s > t: 



F N (s,t) + h~^2E[E[[k a }i\F s ]Bi] ~ ^(MV^M)- / i/(^(s,u))d 

i=l ^° 



v'(Cn{s, u))En{u, t A u)g?u 



tAs 



v'(Cn(s, u))du 



Xn(u, t A u)v" '(Cjy(s, u))Djy(s, u)du 
Now, using the explicit formula for fc s to compute the remaining term: 

JV , N 

' M N (s) I v"{C N {s,u))x i u du+ I v'{C N {s,u))du)B l t 



i i r / f 

i— i 1 L \ JO 



/iE 



Mn(s)v" (CN(s,u))xN(u,t)du + / i/'(Cn(s, u))WN{t)du 



hM N (s) / z/'(CV(s,u))x;v(M)du 
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where the last line is obtained by two applications of Proposition 3.2 (eventually with the zero mean random 
variable W N (t) = B \ 

as one of its arguments) , hence concluding the proof of ( |3.44| . □ 
Proof of Lemma |3.4[ We shall show that every solution of ( 3.28 1-( 3.36 1 is necessarily a solution of (2.6 1- 
(2.101, where x( s i f ) = fn R(s,u)du. 

First, the same argument as in the beginning of Lemma 5.1 of [7J applied to 



X(u, t)v"(C(s, u))D(s, u)du + X (s, t)v'(C(s, s)) 



tAs 



i/(C(s,u))du-hM(s) / i/'(C(s,u))x(u,t)du 



h(s,t) :=-f(C(s, S )) X (s,t) 



will show that t i— ► x(s, t) is continuously differentiate on s > t, with x(s, t) = L R(s, u)du, where R(s, s) = 1 
for all s and %(s, t) = x(s, s) for t > s, implying that i?(s, t) — 0, for t > s. 

From ( 3.30[ ) we have that C(s,t) — x( s ,t) is differentiable with respect to its second argument t, hence 
d 2 C(s,t) = D(s,t) + R(s,t) + hM{s) Further, C(s,t) = C(t,s) implying that diC(s,t) = d 2 C{t,s) = D(t,s) + 
R(t,s) + hM(t) on [0,T] 2 . Thus, combining the identity 



C(s, t V s)i/(C(t V s, t)) - C(s, 0)i/(C(0, t)) = 



v'(C(t,u))d 2 C{s,u)du 



C(s, u)v"(C(t, u))d 2 C(t, u)du . 



ith (3.341 we have that for all t, s e [0,T] 2 , 



(3.65) D(s,t) = -f'(K(i))C(t,s)+ / v'(C(t,u))R(s,u)du+ / C(s, u)v"{C{t, u))R(t, u)du . 

Jo Jo 

Interchanging t and s in (3.65) and adding R{t, s) = when s > t, results for s > t with 

diC(s,t) = -f(K(s))C(s,t)+ [ v'(C(s,u))R(t,u)du+ [ C(t,u)iS'(C(s,u))R(s,u)du + hM(t) 



which is (|2_8| for (3 = 1. 

Now, from ( 3.28| , M(-) is differentiable and M'(t) = h + P(t), hence combining the identity 

M(t)u'(C(t,t))- M{0y(C(t,0)) = f v'{C(t,u))M'{u)du 



+ / M( U y(C(t,u))d 2 C(t,u)du, 



with ( |3.32| we have that for all te [0, T], 
(3.66) 



P(t) = -f'(K(t))M(t)+ / M(u)v"(C{t,u))R(t,u)du. 



thus showing is (2.9 1 for (3 = 1. 

Also, since from (3.31 1, d 2 Q(s,t) — H(s,t) + hM(s), from the identity 



Q(s, t V s)v'{C{t V s, t)) - Q(s, 0)i/(C(0, t)) = 



v'(C{t, u))d 2 Q(s, u)du 

Q(s, u)v"(C{t, u))d 2 C(t, u)du , 
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with ( |3.36[ ) we have that for all te [0, T], 

<.iVs 

(3.67) X(s,t)= v"(C(t,u))R(t,u)Q(s,u)du. 

Jo 

Similarly, 

(3.68) Y(s,t)= v'(Q(t,u))R(s,u)du. 
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thus showing is (2.9 1 for (3 = 1. 

Since if (s) = C(s, s), with C(s, t) = C(t, s) and d 2 C(t, s) = D(t, s) + R(t, s) + hM(t), it follows that for all 
k > 0, 



K(s) - K(s - k) 



(D(s, u) + R(s, u) + hM(s))du 



s — k 



+ / (D(s-k,u) + R(s-k,u) + hM(s-k))du. 

Js-k 



Recall that R(s, u) = for u > s, hence, dividing by k and taking k I 0, we thus get by the continuity 
of D and that of R for s > t that K(-) is dif ferent iable, with d s K(s) = 2D(s,s) + R(s,s) + 2hM(s) = 
2D(s, s) + 1 + 2hM(s), res ulting by ( |3.65| ) with ( |2.10| for ,5=1. 

Further, it follows from (3.291 that dix(u,t) — E(u, t) + l u <t- Hence, combining the identity 



X (s,ty(C(s,s))-x(0,ty(C(s,0)) = / i/(C(s,u))di X (u,t)du+ / t)i/'(C(«, u))^C(a, u)cfc , 

Jo Jo 

with ( |3.33 1 we have that for all T > s > t, 

(3.69) E(s,t) = -f(K(s)) X (s,t)+ [ X {u,t)v" {C(s,u))R{s,u)du 

Jo 

(recall that x(0,<) = x(0,0) = 0). Let 

(3.70) g(s,t):=-f'(K(s))R(8,t)+ [ R(u,t)v"(C(s,u))R(s,u)du , 



for s,i £ [0,T] 2 . Recall that x(s,i) = J Q R(s,v)dv, so by Fubini's theorem, (3.691 amounts to E(s,t) 
/q <7(s, w)dw for all s > t. Further, with £J(s, t) = E(s, s) when i > s, it follows that 

ptAs 

E(s,t) = / g(s,v)dv 
Jo 

for all s,t <T. Putting this into ( 3.29| we have by yet another application of Fubini's theorem that 



R(s, u)du — x(s, t) = t + / / g(u,v)dvdu = t + / / g(u,v)dudv, 

Jo Jo Jo Jv 

for any s > t. Consequently, for every t < s, 

R(s,t) = l + J g(u,t)du, 

implying that 9i_R = g for a.e. s > t, which in view of (3.701 gives (2.7) for /? = 1, thus completing the proof 
of the lemma. □ 
Proof of Lemma 



3.5 



We shall show that the system (2.6)-(2.10) with initial conditions C(t,t) — K(t), 
R(t, t)=l, M(0) =~awA Q(0, 0) = K(0) = (7(0, 0)=<d admits at most one bounded solution (M, R, C, Q, K) 
on [0,T]x[0,T] 2 x(rn[0,T] 2 )x[0,T] 2 x[0,T] 2 . First notice that if we denote D(t) := Q(t,t), by the symmetry of 
Q, we have dD{t) = 2d\Q(t, t). Now consider the difference between the integrated form of (|2.6[)-(2.9 1 for two 
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such solutions (M, R, C, Q, K, D) and (M, i?, C, Q, K, D) and define the functions AV(s, t) = \V(s, t)-V(s, t)\, 
when V is one of the functions C, R or Q and AU(s) = \U(s) — U(s)\, when U is M, D or K. Then, since v" 
is uniformly Lipschitz on any compact interval and C,Q,C \Q are continuous, hence bounded on [0,T] 2 , we 
have, for < * < s < T, 



(3.71) 
(3.72) 
(3.73) 
(3.74) 
(3.75) 
(3.76) 



AM(t) < ki 
AR(s,t) < 
AC(s,t) < «i 
AQ(a,i) < *i 
AiT(t) < Ki 
AD(t) < Ki 



AM(v)dv -\- 

S 

AR(v,t)dv 

S 

AC(v,t)dv 

S 

AQ(v,t)dv 

t 

AK(v)dv + 

t 

AD(v)dv + 



h(v)dv 
h(v)dv 

h(v)dv + AM(t) + AK(t) + h(t) 
h(v)dv + AM(t) + AD(t) + h(t) 
h(v)dv + AM(t) + h(t) 
h(v)dv + AM(t) + h(t) 



where h(v) := J^[AR(v, 6) + AC(v, 9) + AQ(v, 0) + AM (6) + AD (6) + AK(9)]d9 and k x < oo depends on T. 
(3, !/(•) and the maximum of |M|, \R\, \C\, \Q\, \M\, \R\, \C\ and \Q\ on [0,T] 2 . Integrating ( [3?7l] )-( (3T76] ) over 
t G [0,s], since AR(v,u) — Oforu>v, AC(v,u) — AC(u,v) and AQ(v, u) — AQ(u,v), we find that 



/ AM(t)dt 
Jo 


< 




/ h(v)dv 

10 


/ AR(s,t)dt 
Jo 


< 


K2 


I h(v)dv 

10 


[ AC{s,t)dt 


< 




1 h(v)dv 
'o 


/ AQ(s,t)dt 

10 


< 


K2 


/ h(v)dv 

10 


I AK(t)dt 
Jo 


< 


K2 


I h(v)dv 

10 


1 AD(t)dt 
Jo 


< 


K-2 


I h(v)dv 

10 



for some finite constant k 2 (of the same type of dependence as k x ). Summing the last three inequalities, we 
see that for all s£ [0,T], 

< h(s) < K 3 / h(v)dv. 
Jo 

where K3 = 6 max{rei , ^2}- Further, h(0) = 0, so by Gronwall's lemma h(s) = for all s G [0, T] . Plugging this 
result back into pJl) -( |3J6] ) and observing that AR(t, t) = AK(0) = AM(0) = AD(0) = 0, AC(t, t) = AK(t) 
and AQ(t,t) = AD(t), we deduce that AR(s,t) = AC(s,t) = AM(t) = AQ(s,t) = AD(t) = AK(s) = for 
all < t < s < T, hence, by symmetry, the stated uniqueness. □ 

4. Limiting Hard Spherical Dynamics 

Through this section, we will fix r > and, for convenience of notation, suppress the r dependence in the 
subscripts. 
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The uniform bounds on the moments of Kjsr(s) used to establish Proposition |3.2| (namely equation ( 3.16 > ) , 
will show that sup t>0 K(t) < oo. Further, as C(s, t) is the limit of Cn(s, t) = J2i=i x l x t> ft i s a non-negative 
definite kernel on M + x M + and in particular, C(s,t) 2 < K(s)K(t) and C(t,t) > 0. Also, since Q(s,t) is the 



limit of Q N (s,t) = jfJ2i=i x 



1 i 2,i 



for two iid replicas and x 2 , by the Cauchy-Schwartz inequality and 



then taking the limit as N — + oo, we have Q{s,t) 2 < K{s)K(t). 

To complete the proof of Theorem 2.3 we first prove that any solution (M, R,C,Q, K) of ( 2.6 1~( 2.10 ) 
consists of positive functions, a key fact in our forthcoming analysis. 



Lemma 4.1. For any f : M. + 



whose derivative is bounded above on compact intervals and any K(0) > 0. 



M(0) > 0, a solution (M, R,C,Q, K) to (2.6 1 — ( 2. 10 1, if it exists, is positive at all times. Furthermore, 
C(s,t) := C{s,t) — M(s)M(t) is also non-negative. 



Proof of Lemma 4.1 . By definition K(t) > for all t e R + . Define 

Si = inf {u > : C(u, t) < for some t < u} . 

and 

S 2 = inf{u > : M(u) < 0} . 
and suppose that S = mia{Si, S2} < 00. By continuity of (C,K,Q), since K(0) > and M(0) > 0, also 
Si, S2 > 0, hence S > 0. Set L(s, i) = cxp(— J t s fi(u)du) > for jtt(it) = f'(K(u)) which is bounded above on 
compact intervals, and R(s,t) = L(s,i)H(s,t). Then, by [TB], for s>t, 

2n 



(4.1) 



H(s,t) = 1 



n>l 



0- 



■2» 



E 

CT eNC„ 



n ^(c(t ( ,i CT(l) ))n^ 

where NC„ denotes the set of involutions of {1, • • • , 2n} without fixed points and without crossings and cr(cr) 
is defined to be the set of indices 1 < i < 2n such that i < a(i). Consequently, 

R(s, t) > L(s, t) > for t < s < S , 



and thus, (2.8 1 implies that 



C(s,t) > K(t)h(s,t) >0iort<s<S. 



Also, (2.6 1 implies that 

M(s) > M(0)L(s, 0) > for < s < S . 
Note that in the last two estimates we used the fact that v'(-) and v"(-) are non negative on 
from the equation (2.10) we see that d[L(s, 0)~ 2 K(s)] > L(s, 0)~ 2 for all s < S resulting with 

K(s) > K(0)L(s,0)- 2 + ( L(s,v)- 2 dv>0 



Similarly, 



Hence, the continuous functions R(s,t),C(s,t) and M(s) are bounded below by a strictly positive constant 
for < t < s < S in contradiction with the definition of S. We thus deduce that S = 00, hence Si = S2 = 00 
and by the preceding argument and the symmetry of C, the functions R(s,t), C(s,t) and M(s) are positive. 

Similarly, let 5*3 = infjit > : Q(u,t) < for some t < u} and assume S3 < 00. Then, from the symmetry 
of Q(s,t) = Q(t,s), defining D(t) := Q(t,t), we have dD(t) = 29iQ(t,t), hence by we have: 

D(s) > L>(0)L 2 (s, 0) > for < s < S 3 . 



and hence, using again (2.9): 

Q(s, t) > Q(t, t)L(s, t) = D(t)L(s, t) > for t < s < S 3 ■ 

Hence the continuous function Q is bounded below by a positive constant on < t < s < S3 , contradiction to 
the definition of S3. Hence S3 = 00 and by the symmetry of Q, it is positive on M. 2 ^. This concludes our proof 
that M, R, C, Q, K are all positive functions. 
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Furthermore, from (JO) and p^f , we know that C(s,t) = C(s,f) - M(s)M(i) satisfies: 
diC(s,t) = -f(K(s))C( Sl t) + f3 2 j C(u,t)R(s,u)v"(C(s,u))du 



+f3 2 / i/'(C(s,u))i?(t,u)dTt 



hence 



since C(t,t) = K{t) - M 2 {t) > 0. 



C(s,t) > C(t,t)L(s,t) > for t < s < S 



□ 



We next show that if (Mt ir , Rl,ti CL,ri Ql,t, are solutions of the system (2.6 1 )-( 2. 10 1 with potential 

as i n ( 2.12| , then Kl^(s) — > r as L — > oo, uniformly over compact intervals. Specifically, 

Lemma 4.2. Assuming Kl(0) = r, there exist L > sttc/i £/iai K^(s) > r — BqL , for some B > 0. 
for all L > Lq and s > 0. Further, for any T finite there exists B(T) < oo (depending on r), such that 
K L {s) <r + B^L- 1 for all s < T and L > max{B(T), L }. 



Proof of Lemma |4.2| We first deal with the lower bound on Kl(-). Fix L > and let gh{x) :— l — 2xf' L (x) = 
1 + ALx(r - x) - (JY' 
<7l(»-) < and also that lim/, 
Furthermore, 



2< * • . Let Xl be the largest root of gh{ x ) smaller than r. It is easy to see that 
<?z,(r/2) > 0, so there exist Lq > such that xl > r/2 whenever L > Lq. 



L(r - x L ) 



1 

4x L 



(XL_ 

r 



2k 1 

4x L 



2ahxL 



< Bo 



for Bq = 4r +2ah. By Lemma 4.1 we know that the functions Rl{-, ■), Cl(', •) and Ml(-) are non negative, 



as is iJj(x) for x > 0, so from (2.10) we get the lower bound dK^{s) > g^K^s)). Since -Kl(O) = r, it follows 
that K L {s) > x L , for all x > 0, so K L (s) >r- BqL' 1 , for L > L . 

Turning now to the complementary upper bound, recall that ip(x) is a polynomial of d egree m — 1, hence 
there exists k < oo such that tfj(ab) < k(1 + a 2 ) m / 2 (l + & 2 )™/ 2 for all a, b. Thus, by (2.11 1, the monotonicity 
of tp{ x ) on an d the non-negative dcfinitcncss of Cl(s,u) we have that for any s,t,u> 0, 



and 



ip(C L (s,u)) < k(1 + K L {u))^{\ + K L (s))^ 
R L (s, u)du < y/tK L (s), M L (t) < y/K L (t), 



and from (2.101 we find that 

dK L {s) <g(K L ( S )) + 2f3 2 n(l + svLpK L (u)^ ^K L {s)^~s + 2h ^K L {s) 



(4.2) 



U<S 



Setting now B(T) = ± (l + 2y/r~TT(3 2 n(r + 2) m \fT + 2^/rTlhj and fixing T < oo and L > max{L , B(T)}, 
let 

t := in£{u > : K L (u) >r + B(T)L~ 1 } . 

By the continuity of Kl(-) and the fact that Kl(0) — r < r + £?(T)L -1 , we have that r > and further, if 
r < oo then necessarily 

K L {T)=su V K L {u) = r + B{T)L- 1 <r + l. 



Recall that 3l(x) < 1 + ALx{r — x), whereas from \A.2\ we see that if r < oo then 
dK L {r) < I - AK l (t)B(T) + 2y/r^l(3 2 K(r + 2y n y/T +2Vi 
= 2rB{r) - AK l {t)B{T) < 2rB{r) - 2rB{T) . 



Ih 
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where the last inequality holds since L > L implies Kl(s) > r/2, as previously shown. Recall the definition 
of t < oo implying that 8Kl(t) > 0. Hence the above inequality implies B(t) > B(T), hence r > T, for our 
choice of B = B(T). That is, K L (s) <r + £?(T)L _1 for all s < T and L > max{B(T), B }, as claimed. □ 
Let hl(s) = f' L (Ki J (s)) 1 Hl{s) = 8Kl(s). Fixing hereafter T < oo (recall r > is fixed) and denoting L = 
max{Lo, B(T)}, we next prove the equi-continuity and uniform boundedness of (Ml, Rl, Cl, Ql, Kl, /il, hi,), 
en-route to having limit points for (Ml,Rl, Cl,Ql, Kl). 

Lemma 4.3. The continuous functions Ml(s), Kl(s), /j,l(s), /i.l(s) and their derivatives are bounded uniformly 
in L > L and < s < T. The same is true for Cj,(s, t), Ql(s, t) in L > L and < s,t < T and also for 
R L (s,t) in L>L and <t < s <T. 



Proof of Lemma 

(4.3) 



4.3 



Recall that by Lemma 



4.2 



for any L > L, 
B 



sup \K L (s) -r\< 

s<T L 



where B = max{i?(T), Bq}. Consequently the collections {Cl(s, t),0 < s,t < T, L > L} and {Ql(s,^),0 < 
s,t < T, L > L} are uniformly bounded (since both \Cl(s, t) \ and \Q l(s, t)\ are bounded above by y/KL(s)KL(t)) 
and also {Ml(s),0 < s < T, L > L} (since Ml(s) < WICiJs)). By (4.3 1 and our choice of /l(t), we have that 



\(i L (s)\<2L\K L (s)-' 



Kl{s) 



2k-l 



< 2B 



2fc-l 



VL > L,s<T. 



By (4.1l, the collection {i/i(s,i),0 < t < s < T, L > L} is also uniformly bounded and since RL(s,t) — 
Hl(s, t) exp (— /jL(u)duj , the collection {i?£(s,t),0 < t < s < T, L > L} is also uniformly bounded. 
Further, since by ( |2.10 ): 

h L {s) = l-2K L {s)ii L {s) + 2p 2 ( iP(C L (s,u))R L (s,u)du + 2hM L (s) , 



(4.4) 

Jo 

it follows from the uniform boundedness of K L , M L , [i L , Cl and R L that {/il(s),s € [0,T],L > L} is 
also uniformly bounded. By the same reasoning, from (2.61, (2.7), (2.8) and ( |2.9| , we deduce that 9¥i(s), 
9iCi(s,t), 9ii?i(s,i), diQL(s,t) and dDL(s) are bounded uniformly in L > L and s,t € [0,T]. 
Next, differentiating the identity (4.1 ) with respect to i, we get for / = /l that 



=ti<t 2 



•<t 2 „<s , 



2n 

n i/'cct^t^)) n^-> 

: iecr(cr) 3=2 

where NC n denotes the finite set of non-crossing involutions of {1, . . . , 2n} without fixed points. With the 
Catalan number |iVC„| bounded by 4™, and since Ct(ti, i CT (j)) € [0, r+ 1] for ti,t a ^ < T, L > L, we thus 
deduce by the monotonicity of x i— * v"(x) that 



o<a 2 i/ L ( s ,t)<E 



r 4"(i/'(r + !))"(*-*) 



2n-l 



^ (2n- 1)! 

n>l v ' 

so 92-£/l(s, i) is finite and bounded uniformly m L > L and < t < s < T. Since 

a 2 i?L(s,t) = AiL(i)i?L(s,t) + e-^^ (u)dM a 2j ff L ( S ,i), 

we thus have that |c?2i?i(s, | is also bounded uniformly in L > B(T) and < t < s < T. 

Also, due to the symmetry of Cl, 92Cx(s, t) — diCL(t,s), hence ^^(sji) is also bounded uniformly in 
L > L and < s, t < T. The same argument applied to Q, will show that 82Ql(s, t) is also bounded uniformly 
in L > L and < s,t < T. 
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Turning to deal with 9/i£,(s), setting gh(x) := [f' L (x)x]' - 2rL = AL(x — r) + £ (f) 



2k-l 



we deduce 



from (4.3) that \g L (K L (s))\ < 4B 



k (r+l\ 2k - 1 



that dhi,(s) = — 4Lrh,L,(s) + Kl(s) for 

k l (s) = -2g L {K L {s))h L {s) + 20 1 



^ for any s <T and L > L. Differentiating (4.4) we find 



9s 



il)(C L (s,u))R L (s,u)du) + 2hdM L (s) 



which is thus bounded uniformly in L > B(T) and s < T (in view of the uniform boundedness of h^, Cl, 
Rl, OiCl, B\Rl and 8Ml). Further, recall that K^(0) — r, so by (2.101 and our choice of /&(■) we have that 
h L (0) = 1 - 2rf' L (r) + 2ha = 0, resulting with 



h L (s) = 



-4Lr(s—u) 



kl{u)cIu 



hence for L > L, 
(4.5) 



, ,. sup-j> L (w)| : L > L.u < T] A(T) 
sup h L (s) < Ptl M n ~ J = -±r+ < oo , 



where A(T) :— sup{|kl(u)| : L > L, u < T} < oo and the uniform boundedness of \dfiL(s)\ follows. 
Finally, by definition, dfj,i(s) — f'/ i (KL(s))hj J (s), yielding for our choice of ft, that 



\dn L {s)\ <\2L 



2k -1 
2r 2 



2k-2^ 



\h L (s) 



V£ > L, s < T . 



which by (4.5) provides the uniform boundedness of |9/ij,(s)|. 



□ 



Proof of Theorem 2.3 , In Lemma 4.3 we have established that the functions (Mi(s), Rl(s, t), Cl(s, t), Ql(s, t)), 
L > L are equi-continuous and uniformly bounded on their respective domains for < s, t < T. Further, 
(Kl(s), Hl(s), /il(s)) are equi-continuous and uniformly bounded on s S [0, T]. By the Arzela-Ascoli theorem, 
the collection (Ml, Rl,Cl,Ql, Kl, Hl, ^l) has a limit point (M,R,C,Q,K,/j,,h) with respect to uniform 
convergence on [0,T] x (T n [0,T] 2 ) x [0,T] 7 . 

By Lemma 4.2 we know that the limit K(s) — r for all s < T, whereas by (4.5 1 we have that h(s) = for all 
s < T. Consequently, considering ( |4.4[ ) for the subsequence L n — > oo for which {M^ n ,Rl„, Cl„ iQh n , Kl„ > > h>L n ) 
converges to (M, L, R,C,Q, K, fj,,h) we find that the latter must satisfy (2.17) for k = 1. Further, re- 
calling that R L (t,t) = 1, C L (t,t) = K L (t), integrating fl2l6| , ( pjf , ( |2~8| and (2j9) we find that M L (s) = 
M L (0) + f° M L (9)d9 and V L (s,t) = V L {t,t) + // V L (9,t)d9, for V any of the functions i?, C or Q, where: 

M L (0) - -fi L (9)M L (9) + (3 2 / M i («)JZ £ (fl > tt)i/ / (CL(fl,u)) ( i« + /i 

Jo 

R L (9,t) = -v L (9)R L (9,t)+p 2 R L (u,t)R L (9,uy'(C L (9,u))du, 
C L (9,t) = ~f, L (9)C L (0,t)+p 2 / C L (u,t)R L (9, U y'(C L (9,u))du 



1 \ v'(C L (d,u))R L {t,u)du + hM L (t), 



Q L (9,t) = - f i L (9)Q L (9,t) + p' / Q L (u,t)R L (9,uy'(C L (9,u))du 



+ /3 2 / v'(Q L (d,u))R L (t,u)du + hM L (t) 
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Since Mi, n , Rl^, Cx n and Ql„ converge uniformly on their domains, for < s,t < T, to the right-hand- 
sides of (2.131, ( |2.14[ ), (2.151 and ( 2.16| ), respectively, we deduce that for each limit point (M,R,C,Q, n), the 
functions M(s), R(s,t), C(s,t) and Q(s,t) are differentiable in s in the region that they are defined and all 
limit points satisfy the equations ( |2.13 l-(2.17l. Further, since Cl(s,£) and Qi(s,t) are non-negative definite 
symmetric kernels, the same properties are inherited by their limits. Similarly, since = 1 and i?i(s,t) 

satisfy (2.11), the same applies for any limit point R(s,t) and also since Ci(t,i) — > r, then C(t,t) = r. 

Using an argument similar to the one in Lemma [33] we show that there exist at most one bounded solution 



(M,R,C,Q) in C^fLT] x C x (r n [0,T] 2 ) x C]([0,T] 2 ) x C]([0,T] 2 ) to the system (pl3|)-(pl7|, with initial 
conditions C(t,t) = Q(0,0) = r, R(t,t) — 1 and M(0) = aty/r, a £ [0,1) (actually the uniqueness and the 
result are true for any choice of starting points, however, it will not be relevant for us). 

In conclusion, when L —> oo the collection (Ml^, Rl^jCl^iQl^i ^L,r) converges towards the unique 
solution (M r ,R r ,C r ,Q r ,K r = r) of ( 2.13 )— ( 2. 17 1 , as claimed. □ 

5. Convergence to the Pure Spin Model 

Let (M r , R r , C r , Q r ) be the solution of (2.13 1-( |2.17 1, for h r = hr^~ and the initial conditions R r (t, t) = 1, 
C r (t, t) = Q r (0, 0) = r, M r (0) = cty/f > 0, a £ (0, 1). Set: 

Hisr 1 - 171 ' 2 ) 
M*) = /2 _! • 



Rr(s,t) =R r (sr 1 ~ m / 2 ,tr 1 - m / 2 ) 

Qr{S,t) = 



and recall the definitions used in Theorem 12.41 

Mrisr 1 -™/ 2 ) 



M r (s) 



a(M) 



C^sr 1 -" 1 / 2 ,^ 1 -" 1 / 2 ) 



The system ( 2.13 1-( 2.17 1 thus becomes: 

(5.1) dM r {s) = ~Jl r (s)M r (s) + h + (3 2 [ M r (u)R r (s,u) 

Jo 

(5.2) diRr{s,t) = -]l r (s)R r (s,t) + /3 2 J R r ( Ul t)R r ( Sl u) 

(5.3) diC r (s,t) = -Jl r (s)C r (s,t) + (3 2 [ C r (u,t)R r (s,u) 



u"(rC r (s,u)) 



r m—2 



v"{rC r {s,u)) 



du, 



s > 
s > t > 



v"(rC r {s,u)) 



r m—2 



(III 



z/(rCVM) 



(5.4) dtQr&t) 

where 
(5.5) 



fj. r {s)Q r (s,t) + (3 2 
f v'(rQ r (s,u)) 



R r (t,u)du + hM r (t), 

^ , n ?; / n v"(rC r {s, u)) , 
Q r (u 7 t)R r (s, u) — y - — V " du 



s>t>0 



r m — 2 



R r (t,u)du + hM r (t) 
ip(rC r (s,u)) 



s,t>0 



R r (s, u)du + hM r (s). 



and C r (t,t) = R r (t,t) = Q r (0,0) = 1, M r (0) = a, C r (t,s) = C r (s,t) and Q r (t,s) = Q r (s,t). 

Fixing T < oo, the first step of the proof is to establish, in Lemma 5.1 that the function M r , R ri C r , Q r 
and Jl r are equi-continuous and uniformly bounded. Then we will be able to use Arzela-Ascoli theorem to 
establish the desired limits. 
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Lemma 5.1. The continuous functions M r (s), /i r (s),C r (s,t) and Q r (s,t) and their derivatives are uniformly 
bounded in r > 1 and < s. t < T . The same is true for R r (s, t) in r > 1 and < t < s < T. 



Proof of Lemma 5.1 Recall Theorem 



2.3 



implies that C r (s,t), Q r {s,t), M?(s) G [0,r], for all < s,t < T. 
Hence, by construction, C r (s,t), Q r (s,t) and M r 2 (s) take values in the interval [0,1], for every r > 0, thus 
showing the uniform boundedness of C r (s,t),Q r (s,i) and M r (s) on < s,i < T and r > 1. 

Also notice that R r (s,t) = H r (s, t) exp(— f* Jj, r (u)du), for s > t, where, by [T§], H r (s,t) satisfies: 



i? r ( s ,t) = l + ^/3 2 " [ 

n>l „ c Nf! • / *<*v 



nv"(rC r {t ll t a{t) )) 
^=2 ii dt i 



( 5 - 6 ) _ 

Since v" (x) is a polynomial of degree m — 2, there exist an universal constant K\ (depending on v") such 
that, for any r > 1, and x S [0,1], ^J-^ < ifi- Hence the collection |iJ r (s,£),0 < t < s < T, r > lj is also 
uniformly bounded (since C r (ti,t a ^) S [0, 1]). Since Jl r (s) > 0, for all r and s, then R r (s,t) < H r (s,t). Since 
R r (s,t) > 0, for all s,t, the uniform boundedness of (Rr(s,t),Q< t < s < T,r > lj is established. 

Since ip(x) is a polynomial of degree m — 1, there exist an universal constant -K2 (depending on tp) such 
that, for any r > 1, and x G [0, 1], < K 2 - Since in addition Jl r (s) > 0, ( |5.5[ ) implies that the family 

{/2 r (s),0 < s < T, r > 1} is uniformly bounded. 



Moving over to the partial derivatives, since by (5.1 1 
dM r (s) = -Ji r {s)M r {s) + (3 2 



M r (u)R r ( S ,u /' {rCr ^ u)) du 



r m—2 



it follows from the uniform boundedness of fj, r , M r , R r and C r that the family ^dM r (s), < s < T, r > l| is 

also uniformly bounded. By similar reasoning, using (5.2 1, (5.3 1 and ( |5.4[ ), we show that diR r (s,t), diC r (s,t) 
and diQ r (s, t) are uniformly bounded in r > 1 and < t < s < T (or s, t G [0, T], whichever is relevant). 
Now, differentiating the identity (5.6) with respect to t, we get 



™>i <reNC„ t-tl 



=t 1 <t 2 — <*2n<* 



^ ll d *4 



i=2 



where A^C ra denotes the finite set of non-crossing involutions of {1, . . . , 2n} without fixed points. With the 

Catalan number | 
thus deduce that 



Catalan number |iVC n | bounded by 4™, and since < ^^04^^ < K\ for < ti,t a{l) < T and r > 1, we 



0<d 2 H r (s,t) 



2 a 



(2n-l)! 



2n-l 



so d2H r (s,t) is finite and bounded uniformly when r > 1 and < t < s < T. Since 

d 2 Rr(s,t) = Jl r {t)R r (s,t) + e-^^)^d 2 H r (s,t), 

we thus have that \d2R r (s,t)\ is also bounded uniformly in r > 1 and < t < s < T. Also, since C r is 
symmetric, d2C r (s,t) — diC r (t,s), hence d2C r (s,t) is also bounded uniformly in r > 1 and s,t G [0,T]. Since 
Q r is also symmetric, we derive the same conclusion about d2Q r {s,t). 



Finally, by (|5_5j 



ip'(rC r {s,u)) ~ ~ ip(rC r (s,u)) ~ 

m _2 9 i c r(s, u)R r (s, u) + — x d 1 R r (s, u) 



du - 



ip(r) 



hdM r (s). 
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and since ip( x ) is a polynomial of order m — 1, it follows that ip(rx)/r m 1 and ip' (rx) /r m 2 are uniformly 
bounded in r > 1, x £ [0, 1]. Since d\C r , d\R r , dM r and i? r are uniformly bounded and C r (s,u) £ [0, 1], it 
follows that the functions djl r (s) are uniformly bounded on < s < T and r > 1, thus concluding the proof. 
□ 

Proof of Theorem 



2.4 



In Lemma 



5.1 



we have established that the functions M r (s), i? r (s,i), C r (s,t), 
Q r (s,t) and Ji r {s) are equi-continuous and uniformly bounded for r > 1. By the Arzela-Ascoli theorem, 
the collection (M r , R r ,C r ,Q r ,Jl r ) has a limit point (M, R,C,Q, (i) with respect to uniform convergence on 
C x [0, T] x C^m [0, Tp) x Cj([0, T] 2 ) x C]([0, T] 2 ) x C x [0, T]. Let r„ be an increasing sequence going to infinity, 
such that (M r „ , Rr n , Cr n , Qr n , Jir n ) converges uniformly to (M,R,C,Q, fi). 

Now, since C r (9,u) £ [0,1], for all r > 1 and 9,u > 0, the same is true for its limit point C(9,u). Since 

a 2 

f(-) is a polynomial of degree m with the dominant coefficient -?f-, ^(x) = ^'(x) + xv" (x) is a degree m — 1 

a 2 a 2 — 

polynomial with dominant coefficient (^zjTj + ( m "2)! • Recalling that ^(ai) = 
easily see that there exist constant K3 (depending only on v(-)), such that 



(m-l)! T (m-2)! 



sup 

0<e,r<T 



r m—l 



V>(C(M)) 



< 



Also, since C r ,C £ [0,1], there exist itj such that 



for every r. Altogether, we have shown that: 

ip(r n C rri (0,u)) nz 



< K A \C r {9, u) - C(6,u)\ < K A \\C r ~ C||oo , 



iKC(M)), 



and the convergence is uniform on [0, T] 2 . Using this result, together with the uniform convergence of C Tn , R rn 
and M rn , we conclude that ]l rn (s), as it is defined in (5.51, converges to the right hand side of (2.171 for k = 
and the convergence is uniform on [0,T]. 

Furthermore, since R r {t,t) = 1, C r (t,t) = 1, M r (0) = a and Q r (0,0) = 1 integrating (5.1|, (5.2), ( 5 .3 1 and 



pri) we find that M r (s) = a + J°M r (9)d9 and V r (s,t) = V r (t,t) + f° V r (9,t)d9, for V any of the functions 
R, C or Q, for: 



M r {9) 
R r (9,t) 
C r (9,t) 

Qr(0,t) 



Ji r {9)M r {9) + f3 2 / M r (u)R r (6,u) 



v"(rC r (6,u)) 



r.m—2 



du + h 



Jl r (9)R r (9, t)+(3 2 / R r (u, t)R r (0, u) 



v"{rC r {6,u)) 



du, 



ji r (e)C r (0,t) + (i 2 / C r (u,t)R r (9,u) 



v"{rC r {9,u)) 







r m — 2 



du 



M&)Qr(9,t) + p 2 

f , ,' v'irQAO.uu 



,(u,t)R r (9,u) y „ r \ du 



r rn—2 



R r (t, u)du+ hM r (t) 
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Similar arguments as employed earlier will show that: 



v"(rC rrl (9, u)) 



v'(rC rn (0,u)) 



v'{c{e,u)) 



and the same for i/"(Q(9,u)) and i/(Q(9, u)), where the convergence is uniform on [0,T] 2 . Using this re- 
sult, together with the uniform convergence of the quad-uple (M rn , -Rr„ , C r „ , j5r„ ) , we conclude that M Tri (s) 



converges to the right hand side of (2.13) and the convergence is uniform on [0,T]. 



Similarly we show that R rn (s,t), C rn (s) and Qr n (s,t) converge uniformly on (s,t) G [0,T] 2 to the right 
hand sides of ( |2.14| |, (2.15 1 and ( 2.16| ), respectively. Thus, we see that for each limit point (M, R, C, Q, /i), the 
functions M(s), R(s,t), C(s,t) and Q(s,t) arc diffcrcntiablc in s on < s,t < T and all limit points satisfy 



the equations (2.13)-(2.17). Since Rr n (t,t) = 1 and the functions Qr„ and C Tn are non-negative definite 
symmetric kernels, the same applies for any limit point R 7 Q or C. 

Finally, using a Gromwell-type argument similar to the one employed in Lemma [3.5| we show that there 
exist at most one bounded solution (Af, R, C, Q) onC x [0,T] x C x (r n [0, T} 2 ) x (^([O, T] 2 ) x Cl([0,T} 2 ) to the 



system ( |2.13[ )- pT7| , with initial conditions C(t,t) = R(t,t) = Q(0,0) = 1 and M(0) = a £ (0, 1). 

In conclusion, when r — > oo the collection (M r , R r ,C r ,Q r ,Jl r ) converges towards the unique solution 
(M, R, C, Q, n) of (p7T3])-(|27T7]), as claimed. □ 



6. FDT REGIME 

6.1. Proof Preliminaries. The arguments that are used for the cases (3 and h small and, respectively, 7 
small, are very similar, and we will be treating them in parallel. On the high level, we will use a perturbation 
argument based on the stability of linear and respectively Ricatti differential equations. From now on, we will 
refer to the case when 7 = ^ is small as the first case and when both j3 and h are small as the second case. 
First, notice that, since r = 1, making the substitution Uh(s,t) — U(s/h,t/h), for U any of i?, C or Q and 



Vh(s) = V(s/h) for V any of M or D, the equations (2.13 l-(2.17l are transformed to 



with 
(6.5) 



(6.1) 
(6.2) 
(6.3) 



(6.4) diQ h {s,t) = -^, i (s)Q, i ( s ,i) + 7 2 / Q h (u,t)R h (s,u)v"(C h (s,u))du 

Jo 

+ 7 2 / v'{Q h (s,u))R h {t,u)du+ M h (t), 
Jo 



dM h (s) = -n h {s)M h (s) + l + Y / M h {u)R h (s,u)u"(C h {s,u))du, 

Jo 

diR h (s,t) = -n h (s)R h (s,t) + -f 2 J R h (u,t)R h (s,u)v"(C h (s,u))du, 

diC h (s,t) = -fx h (s)C h (s,t) + j 2 f C h {u,t)R h {s,v)v"{C h {s,u))du 

Jo 

+ 7 2 / v'(C h (s,u))R h (t,u)du + M h (t), 



2h 



+ M h (s) + ~f 2 / ip(C h (s,u))R h (s,u)du. 



s > 
s > t > 

s > t > 

s,t > 



From now on, we will be interested in the behavior of the functions C(s,t) and Q(s,t) only for s > t (the 
rest of the plane will be automatically given, by symmetry). We do need, however, to specify initial conditions 
for Q(-, •). Defining D(s) := Q(s, s), due to the symmetry of Q, the function D will satisfy dD(s) — 2d\Q(s : s), 
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hence: 

(6.6) = -n{s)D{s) + hM{s) + (3 2 I Q{u,s)R(s,u)v" \C(s,u))du 



(3 2 I f , (Q(s,u))R(s,u)du 



hence it's time transform, Dh(s) :— Qh(s,s) solves: 

(6.7) dDgs) = _ flh ^ Dh ^ + Mh ^ +1 2 J Q h ( u ,s)R h { Sl u)v"{C h {s,u))du 

+ 7 2 / v ' '(Qh(s,u))R h (s,u)du, 
Jo 

In the course of the proof, we will establish that, when either 7 is small or both (3 and h are small, the 



limits: 






(6.8) 


M fdt = 


lim M(t) , 


(6.9) 


i? fdt (r) = 


lim R(t + t, t) , 


(6.10) 


C fdt (r) = 


lim C(t + T,t), 

t— >oo 


(6.11) 


g fdt (r) = 


lim Q(t + r,t) , 



are well-defined for r > and, furthermore, that R idt decays to exponentially fast (i.e. < R ldt (r) < 
Kie~ K2T ), for some positive constants K\ and K 2 depending on (3, h and a = M(0). 

Notice that if the FDT limits exist for the functions My ll R^, Ch and Qh, the same is true for the functions 
M,R,C and Q. We will establish ([6T8]>- ( |6 . 1 1 [ ) for (M h , R h ,C h ,Q h ), in the first case, and for (M,R,C,Q) in 
the second. Also, until further notice, we will drop the h subscript in the regime when 7 is small (i.e. the first 
case). 

Recalling our notation r = {(s,t) : < t < s} C R+ x R + , consider the maps : (M, R,C,Q) 1— > 
(M i ,R l ,C l ,Q l ), i = 1,2, on 

-4 = {(M,ii, C,<3) e C 1 (M+) x C x (r) x C*(K+) x C](M+) | M(0) = a G (0, 1], 

iZ(t,t) = C(i,t) = Q(0,0) = 1, C(«,t) = C(t,a), Q(s,f) = Q(i,s)} , 

such that for s > 0, 

(6.12) 0Mi(«) = - ( 4 + Mi (s)) Mi(s) + 1 



,2/i 

+ 7 2 ^ M(u)R(s,uy'(C(s,u))du-M(s)J^ ip(C(s,u))R(s,u)du 

(6.13) dM 2 (s) = -^ 2 (s)M 2 (s) + h + /3 2 [ M(u)R(s,u)v" \C{s,u)du 

Jo 

and for s > i > 0: 

(6.14) d!Ri(s,t) = -m(s)Ri(s,t) + e 2 [ R t {u,t)Ri{s,u)v" {C{s,u))du, 



(6.15) SiCiC*,*) = -fi i {s)C i {s,t)+k i M i (t) 



•f? 



C(u,t)i?(s,M)^"(C7(s,w))du+ / i/'(C(s,tt))E(t,u)dtt , 
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(6.16) 



diQi(s,t) = -fj,i(s)Qi(s,t) + kiMi(t) 



Q{u,t)R(s,u)v"(C{s,u))du + / v' (Q(s,u))R(t,u)du 



with initial conditions Ri(t,t) — Cj(t,t) = Qi(0,0) — 1, £>,(t) := Qi(t,t) and symmetry conditions Cj(t, s) 
Ci(s,t) and Qi(t,s) = Qi(s,t), where A satisfies: 



0AOO 



(I 



(6.17) 



and 



(6.18) ^i(s) = wi(s)+7 2 / %/>(C(s,u))R(s,u)du 

Jo 

(6.19) /i 2 (s) = tu 2 (s)+(3 2 f ip(C(s,u))R(s,u)du 

Jo 



-m(s)Di(s) + kiMi(t) 
:1 1 1 Q(u,s)R(s,u)v"(C(s,u))du+ I u'(Q(s,u))R(s,u)du 







^+Mi(s) + 7 2 J i>(C(s,u))R(s,u)du 

1 f s 

-+hM(s)+/3 2 4>{C{s,u))R{s,u)du 

2 Jo 



and k\ — 1, k 2 = h, t\ = 7, e 2 = (5 and the functions Wi(s), w 2 (s) are defined implicitly above. 



Assuming (M,i?,C,Q) € .A, then both the Ricatti equation, (6.121 and the linear one, (6.131 have unique 
solutions in C(K+) for the initial conditions -Mj(O) = a. Thus, Hi(s) are continuous and further, by |16j there 



exists a unique non-negative solution Ri(s,t) of (6.141 which is continuous on T (sec for example (4.1) for 
existence, uniqueness and non-negativity of the solution, and the proof of Lemma |4.3| for the differentiability, 
hence continuity of Ri(s,t)). With C, R and Mj continuous, clearly there is also a unique solution Ci(s,t) to 



(6.151 which is continuous on T and due to the boundary condition Ci(t,t) = 1, its symmetric extension to 



i + x R + remains continuous. By the same reasoning, there exist an unique solution Di(s) to (6.171, hence 



also an unique solution Qi(s,t) to (6.161 defined on T with boundary condition Qi(t,t) = Di(t). Furthermore, 
by the boundary conditions, its symmetric extension to R+ x R + is differentiable, hence continuous. Thus, ^ 
is well-defined and ^^A) C A. 



Notice that the solution (M h , R h , C h , Q h ) of (6.1 1- ( 6 . 5 > is a fixed point of the mapping ^1 and also that 
the solution (M, R, C, Q) of ( |2.13 1-( 2.17 1 is a fixed point of the mapping ^2- We will show that, for sufficiently 
small 7 = f , any fixed point of ^1 is in the space iS(<5, p, o, d) and also, for sufficiently small j3 and h, any fixed 
point of ^2 is m the same space, for a suitable choice of constants 5,p,a,d, independent of f3 and h. Here: 

S{5, p, a, d) = {{M, R, C, Q) € B(5, p,a,d) : Vt > , 3i? fdt (r) = lim R(t + r,t), 

t — >-oo 

3C fdt (-r) = C fdt (r) = lim C(t + r,t) , 3Q fdt (-r) = Q fdt (r) = lim Q(t + r,t) , 

t — >oo t — *-oo 

3M idt = lim M(t) , 3Q°° = lim Q(t, 0) } , 

t — >oo t — >oo 

and 



B{8, p, a, d) ={(M, R,C,Q)eA: < C(s, t), Q(s, t) < d, < i?(s, t) < pe 
< Q(s, s) < - , < M(s) < a, for all s > t} . 



-5(«-t) 
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This of course will imply that the FDT limits (6.8 1-( 6. 1 1 1 exist and are in the space: 



V(5, p, a, d) = {(M, R,C,Q) : R,C,Q:R^ E, M € R+, 

C(t) = C(-t), Q(t) = Q(-t), 0<C(r),Q(r)<d, 



< R(t) < pe 



-Shr 



< Q(0) < ^, < M < a, for all r > 0} . 



6.2. Invariant Spaces. We will begin by finding constants (S, p, a, d) such that S(5, p, a, d) is invariant under 
the mapping 

Proposition 6.1. There exist 71, (3i and hi, depending only on a, and a positive, universal constant c\, such 
that for our choice of constants a = \J\, b = min {a, |}, p = C\, S = | and d = 2 max |l + 2 *-°^ 1 ^ , ^y^l, if 
7 := £ < 71 and i — 1 or (3 < 0i, h < h\ and i = 2, then 

(6.20) ^i(S(5, p, a, d)) C B{5, p, a, d) , 
and 

(6.21) * i (S(J, ft (i,d))c5(^,a,(i). 

Furthermore, under the same conditions, if (Af, R, C, Q) G B(5, p, a, d), f/ien for every s > 0: 

(6.22) ^(s) > Wi(s) > b > 



Proof of Proposition 



6.1 



We will start by verifying that (6.201 holds. 



We will first be dealing with the bounds on Mi. Here, due to the different nature of the equations (6.12) 

our anal 

(Mi( S )) : 



and (6.131 (Ricatti, respectively linear), our analysis will be different. Indeed (6.121 is equivalent to 

MiO) 



21 1 



+ l + 7 2 (/o(s)-/i(s)) 



M(u)R{s,u)v"(C(s,u)du 



9Mi(s) = 

for 

(6.23) 7 (s) 

(6.24) I^s) = M(s) I tp(C(s,u))R(s,u)du 

Jo 

Since (M, R, C, Q) £ B(S, p, a, d), then we have the bounds: 

(6.25) j 2 \I (s) - h(s)\ < 7 2 (|/o(s)| + < 7 2 



av"(d)p aip(d)p 



< 



for 7 sufficiently small. For k = 1,2, define Mi l fc(-), to be the unique solutions to the Ricatti differential 
equations: 



dM hk (s) = - (M hk (s)) 2 ~ + 1 + (-l) k l 



Since dMii(s) < dM(s) < 9M 12 (s), for every s and all three functions start at the same point, we can 
sandwich Mi(-) between Mi t i(-) and Mi^f-), hence: 



(6.26) 



inf Mi,i(s) < Mi,i(s) < Mi(s) < M lj2 (s) < sup Mi, 2 (s) 
«e[o,oo) se[o,oo) 



; ^ Since its only positive root is x-i = 1 



Define the polynomial P'2{x) = — (x 2 + 2S — 4;- uxwjg f° <juij jjuoihw; iuuu 10 ^2 — — -r y jjj^j 
and Mi 2(0) = a 6 (0,1), a sign analysis of dAfi^ will show that Af^ must be monotonic on [0,oo) and 



1 < J 1 

4 ^ V 4 
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lim M l 2 (f) = x 2 . So 



sup Af 12 (s) < max{a, x 2 } < max < a, 

sG[0,oo) I 



T > < \ -7 



which, together with (6.261 establishes the upper bound on Mi 



(6.27) 



M 1 (s)<\j- = ll 



Define also the polynomial Pi (a;) = — (x 2 + ^ — |) . Again, its only positive root is x\ — — ^ + \J~j^i~+ \ > 

and since Mi ; i(0) = a £ (0, 1), analyzing the sign of SM^i, we conclude that M^i is monotonic on [0,oo) 
and lim Mi i(i) = x\, so: 

t — >oo ' 

inf Mi i(s) > min{a, :r 2 } > 

<tS[0,oo) 



Combining the above inequality with (|6.26|) and (|6.27| we will finish establishing the desired bounds on Mi: 
(6.28) 

The bound on lj\ will follows suit: 
(6.29) u) X {s) 

1 



< Mi(s) < a 



^r + M^a) > + inf M 1A (a) 
2n 2n se[o,oo) 



> min < a 



1 1 

2ft' Ah 



' 1 1 
(Ah) 2 + A 



> mm < a 



Furthermore, since C and R are positive, we are done proving (6.221 for i = 1. 
Now, turning our attention towards M 2 (s), first define, for i — 1,2: 

(6.30) L i {s,t) = e-f> i< - u '> du >0, 
Solving the linear equation ( 6. 13| ) (recall M2(0) — a), we obtain: 

(6.31) M 2 (s) = aL 2 (s,0) + 1 [ I (u)L 2 {s,u)du + h [ L 2 (s,u)du 



with Iq defined in (6.231. Since a > and M,R,C are positive, then the RHS above is positive, hence 
M 2 (s) > 0. This implies p 2 (s) > cj 2 (s) > | > b, proving (6.221 for i — 2 and consequently L.i(s,t) < 
exp(— &(s — t)). Also, since (M,R,C,Q) G B(S, p,a,d), Io(u) is positive and bounded above uniformly by 
av g d ^ p , hence recalling that a < 1, we obtain the desired upper bound on M 2 : 



~ , , _ ^ 9 av"(d)p 



holding for /i, /3 small enough, as claimed. 

Considering next the functions Ri, let Ri(s,t) — Lj(s, t)H i (s 1 t), where is defined as in (6.301, with 
Hi(t,t) = 1. Further, from [T5] we have that for any (s,t) € T, 

(6.32) F lV M) = l + £ef J] / II ^(C(4,^))II^- 

™>i <reNC„ -* 1 "- t2 "- s fcecr(<T) j=i 
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Consequently, since |NC„| = (2 7 r)- 1 /_ 2 x 2n \/4-.T 2 da; and C(u,v) £ [0,d], by the definition of B(5, p, a, d), 
we can bound Hf. 

(ef i/'(d)) n (s - 1) 2 ™ 



E 

n>0 



(2n!) 



= (27T)- 1 / e e '^ T){s - t)x y / A~x 2 dx. 



It is well known (see for example [51 (3.8)]) that for some universal constant 1 < c\ < oo and all 9, 

(27T)- 1 J 2 e 6x Vi^dx < ci(l + |^r 3/2 e 2|e| , 
from which we thus deduce that: 
(6.34) //, 



'<(*,*) < oi (l + £,7^(s - *)) e 2 «>/^(«-t) < Cl e 2£ .y^( s -*) . 
Further, since (M,R,C,Q) G B(S,p,a,d) and L,(s,<) < e^ 8 "*), then for e, < / and for our choice of 

4,y/v"(d) 

p = ci, and (5 = | < b — v"(d), we can establish the desired upper bound on Rii 

(6.35) Ri(s,t) < Cie -(-b+^V^W)^-t) < pe s(s-t) 
Finally, since Lj > and Hi > (since C > 0), the lower bound on i?j follows: 

(6.36) Ri(s,t)>0 



Considering next the function Ci, recall that Ci(t,t) — 1, hence solving the linear equation (6.151, we get, 
for (s, t) £ T: 

(6.37) Ci(s,t) = L J (s,<) + e 2 ^" L l (s,v)I 2 (v,t)dt + e 2 l J Li( S) v)h(v,t)dt + hM^t) J L l (s,v)dv 
where 
(6.38) 



h(v,t) 



C(u,t)R{v,u)y"{C(v,u))du 



(6.39) h(v,t) = / u'{C(v,u))R(t,u)du 

Jo 

Since Lj, C, R and M, are positive, then ^(w, i), ^(w, i) > (recall i/ is a polynomial with positive coefficients). 
Hence the lower bound on Cj follows easily from (6.37): 

(6.40) Ci(s,t)>0 

Now, for the upper bound, since (M, R, C, Q) S 23((5, p, a, d), /2 and ^3 are bounded above, uniformly by dl> 
and - respectively, hence, ( |6.37 1 implies: 

(6.41) Ci(s,t) < e- 6( *-*J+ / e^ 8 "^ 



(dv"{d)p v\d)p 



4 V <5 
2 (dv"{d)p i/(d)p 



ha 



akj 



^ 1 a + 1 

< 1 H : < tf 
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2 I du" (d)p , v' '(d)p 



whenever e 2 



h < 1, for i — 2, respectively). 



< 1 and fei < 1 (i.e. 7 is small enough for i — 1 and /? is small enough and 



+2hMi(0) / L-(s,u)dv 
j 



Now, for Di(s) = Qi(s, s), recalling that Di(0) — 1, solving (6.171 we get: 
(6.42) A(s) = L 2 (s,0) + 2e 2 / L 2 i (s,v)I 4 (v,0)dt + 2e 2 i [ L 2 (s,v)I 5 (v,0)dt 



where 
(6.43) 
(6.44) 



h(v,t) 



Q(u, t)R(v, u)v"(C(v, u))du 



v'(Q(v,u))R(t,u)du 



Notice that I4 and I 5 share the same uniform bounds as I2 and I3, respectively. Recalling that L,;(s,i) < 
exp(— b(s — t)), we establish the bound: 



(6.45) 



< A(s) < 1 



I, 2 



£l[ d^ + ^ ]+ah 



v s 



<1+ 2(o+l) <d _ 
~ b 2 " 2 



for 7 small for i — 1 and for /3, /i small for i = 2. 



Moving over to Qi(s,t), since Qi(s,s) — -Di(s), we can solve the linear equation (6.16 1 



(6.46) Qi{s,t) = D i (t)L i {s,t) + et Li{s,v)h(v,t)dt + ef L 4 (s, u)J 5 (u, t)dt + hM^t) / Li(«,«)d«, 



where ^4 and I5 are defined by (|6.43|) and (|6.44|), respectively. Using the same bounds on Li,l4 and ^5 as 

2(a+l) a + 1 



above, as well as the controls on Di provided by (|6.45|), we show that: 

1 



0<Q t (s,t) <Di(t) 



( dv"{d)p v'(d)p 
[ 5 6 



akj 



< 1 



b 2 



< d 



thus concluding the proof. 

So, indeed, for our choices of a, p, 8, d and b, (Mi, Ri,Ci,Qi) € B(8, p,a,d), for sufficiently small 7 = f 
(i = 1) or sufficiently small (3 and h (i — 2), thus showing (6.201. Furthermore, /^i(s) > u>i(s) > b, hence (6.22) 
is true, under the same regime as above, as claimed. 



Our next task is to verify that (6.21), the second statement of the theorem, holds. Namely, assuming 
that (M,R,C,Q) £ S(8,p,a,d) we are to show that the limits (M/ dt , J2f dt , C\ At , Q| dt ) exist for the solution 
(Mi, Ri,Ci,Qi) of (6.14 1— (6.19 1. The main idea used in this section of the proof is to use the exponential 
decay of R and Lj to bound all the relevant integrals by L 1 functions and then apply dominated convergence 
theorem in order to show the existence of the desired limits. To this end, recall that by (6.121, (6.31), (6.371, 
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(6.461, (6.421, (6.301 and (6.321, for any t > and r > v > 0, 



M 1 (a) 



OM^s) =-(M 1 ( S )) -^il s l + l + 7 2( /o ( s )_ /l(s )) 



M 2 (s) =aL 2 (s,0) + /T / I (u)L 2 (s,u)du + hi L 2 {s,u)du 
Jo Jo 

Ci(t + T,t) =Li(t + T,t) +e? / L,(i + r,t + w)/2(t + «,i)dw 



+ e- / L i (i + r,t + w)/ 3 (i + u,t)(iw + fc l M,(t) / L,(i + t, t + 
Jo Jo 



Qi(t + T,t) =Di(t)hi(t + T,t) + ei / L 4 (i + r,t + t;)/4(t + i;,i)di; 

Jo 

+ e 2 \ L i (t + T,t + v)I 5 (t + v,t)dv + k l M l (t) / L l (t + r,t + v)dv 



A(t) = L 2 (t,0) + 2e 2 / L 2 (t,«)/ 4 («,G)<fo + 2e 2 / L 2 (i, u)J B («, 0)dv + 2*^(0) / L 2 (t,v)cfo 
Jo Jo Jo 

Ri(t + T,t) =Li(t + T,t)Hi(t+T,t) 

ffi(t + r,t) -l + ^/3 2 " J] / 

^ T / 1 J0< 



Yl u"(c(t + e i ,t + e a{i) ))f[de j 



3 = 1 



Li(t +r,t + u) = cxp(--^- - I 6 (t + r,t + v) - J I 7 (t + u,t)duj 



L 2 (t + T,t + v) = cxp - 



hl s (t + r,t + v) - f3 2 I 7 (t + u,t)du 



where 2q and 7i are given by (6.23) and (6.241, respectively and: 



(6.47) 
(6.48) 
(6.49) 
(6.50) 
(6.51) 
(6.52) 
(6.53) 



h(t + T,t) = 

h{t + T,t) = 

h(t + T,t) = 

I 5 (t + T,t) = 

I 6 (t + T,t+V) = 

I 7 {t + T,t) = 

I S (t + T,t+ V ) = 



C(t + u, t)R(t + r,t + u)u"(C(t + r,t + u))dv 



-t 





u'(C(t + r,t + u))R(t, t + u)du 

Q(t + u, t)R(t + r,t + u)v"{C{t + r,t+ u))du 



-t 
o 



v'{Q{t + r,t+ u))R(t, t + u)du 

t 

v 

M^t + ujdu 

T 

ii{C{t + r,t + u))R(t + r,t + u)du 

t 

v 

M(u + t)du 
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We will show that the limits I k := lim I k (s) exist for k = 1,2 and also that Ifc(r) := lim I k (t + r, t) exist, for 

s — »oo s — >oo 

fc = 3 . . . , 8. For To, begin by dividing the integral into two parts: 

,s/2 ,0 

(6.54) Io(s)= M(u)R(s,u)v"(C{s,u))du+ I M(s + u)R(s,s + u)v"(C(s,s + u))du 

JO J-s/2 

Since v"{-) is continuous and (M, R,C,Q) S 5(<5, p, a, d), as s — ► oo the bounded integrand in the second 
integral above converges pointwise to the corresponding expression for (i? f , (7 , M ). Further, by the 
exponential tails of R the afore-mentioned integrands are uniformly in s bounded by f(9) := apv" (d)e se , 
which is integrable on (— oo,0]. Thus, by dominated convergence theorem, we deduce that 



lim 



s/2 



M(s + u)R(s,s + U y'{C(s,s + u))du= / M fdt R Mt (u)is"(C Mt (u))d 



The first integral in (6.541 is bounded above by pS l v"(s)(e Ss ^ 2 — e Ss ) that converges to as s — > oo, hence: 



(6.55) 



I := lim I Q (s) = M idt I R mt (u)v" (C mt (u))du 



idt/„.\..H(/~iidt/ 



Applying a similar argument to Ii, we conclude that: 



(6.56) 



h := lim h(s) = M fdt / R tM (u)^(C tM (u))du 



yidt, 



Now, due to the above limits, for any < e < there exist s e > such that if s > s e 



[I (s)-Ii(8)]-[I -Ii 



< 



e. Recalling the Ricatti equation (6.121 that characterizes Mi, we can sandwich Mi between the functions 
Mi t s and Mi ,4 that are defined for s > s e as the unique solutions of the differential equations: 

dMi, k (s) = - (M hk (s)) 2 - + 1 + 7 2 ((T h) + (~l) k e) , 



while for s < s c , M 1]3 (s) = Mi 4(s) = Ml(s). Using the joint bound on I an d h provided by (6.25) 
and observing that our choice of e guarantees 7 2 e < |, we can conclude that the polynomials P k (X) = 

—X 2 — + 1 + 7 2 H Jo — h) + ( — 1) fc e^ , for k = 3, 4, have exactly one positive root and one negative root. 

Furthermore, denoting with X k (e) the afore-mentioned positive roots, it is easy to see that: 



hjaMi, k (t) = x k (e) = - lR + ] J m + ^ + l 2 {lo-h + 

Recalling that Mi is bounded above by Mi j4 and below by Mig, we obtain: 

£3(e) ^ liminf Ml(s) < limsup M2(s) < 24(e) 

Since lim x^(e) = lim x 4 (e) = — + < / ^ 4 ^ 2 + 1 + 7 2 fai — 1 2^ we can conclude that: 



(6.57) 



1 



Mj dt := lim M 1 (a) = -— + 



4/1 v ( 4/i ) 2 



I+7 2 J -/ : 



f 6 (r, w) := lim J 6 (i + r, * + v) = (r - u)Mf dt 



Consequently, applying again dominated converge theorem, this time to (6.511, we show: 
(6.58) 

Also, since M(s) converges as s — ► 00: 
(6.59) 



J 8 (t, f ) := lim J 8 (t + r, t + «) = (r - u)M 

£ — »-oo 



fell 
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(6.60) 


h(r) 


:= lim I 2 (t-\ 

t—*oo 


-T,t) 


(6.61) 


h(r) 


:= lim I 3 (t-\ 


-r,t) 


(6.62) 


h{r) 


:= lim I 4 (t-\ 

t— >oo 


-T,t) 


(6.63) 


h{r) 


:= lim 7 5 (iH 

t-^-oo 


-T,t) 


(6.64) 


% 


:= lim I 7 (t H 

t— >oo 


-T,t) 


hence also: 








(6.65) 


U{t-v) 


:= lim Li(t - 

t — t-OG 


\-T,t 



Since v "{') an d v '(') are continuous and (M, R,C,Q) £ S(S, p,a,d), as i — > oo the bounded in- 

tegrands in (6.47), (6.481, ( 6.49[ ), (6.501 and (6.521 converge pointwise to the corresponding expression for 
(M fdt , i? fdt , C tdt , Q fdt ). Further, by the exponential tail of R, the integrals over [— t, — m] in afore-mentioned 
formulas, are bounded uniformly in t by p5~ 1 il>(d)e~ Sm . Thus, applying dominated convergence theorem for 
the integrals over [— m, v], then taking m — > oo, we deduce that for each fixed v > 0, 

C fdt (r - 9)R idt (6)is"(C fdt (6))d9 , 

*/(C fdt (0))i? fdt (#-T)dfl, 

Q fdt (r - 0)fl fdt (0)i/'(C fdt (0))d0 , 

*/(Q fdt (0))i? fdt (#-T)d#, 



1 

2h 



M tdt + 7 2 / 7 



exp(-(r - u)tDi) 



(6.66) 



L 2 (r-u) := 



lim L 2 (i + r, t + v) = exp ( -(r - u) I ~ + /iM fdt + /3 2 / 7 
exp(— (r - v)Q 2 ) 



Moving over to M 2 , we first split each integral from the right hand side of (6.311 into [0,s/2] and [s/2,s]. 
Since the integral over [0, s/2] is bounded below by and above by [exp(— bs/2) — exp(— bs)]apv" (d)S~ 1 , it con- 
verges to as s —> oo. The integrand over [s/2, s] is dominated by the integrable function exp(— bs)apv" {d)5~ l 
hence we can and will apply dominated convergence theorem, concluding: 

13% + h 



(6.67) Af 2 fdt := lim M 2 (s) 

s — >oo 

A similar argument will show that 

(6.68) h ■= lim h(s,0) = Q°° / R idt {u)v" \C idt {u))du 



W 2 



Since trivially I§ := lim^oo Is(i, 0) = 0, similar arguments applied to the integrals in (6.421 and (6.371 will 
show: 



(6.69) 



D 



fdt 



lim Di(t) 

t — *-oo 



Ql 



lim Qi(t,0) 

t — >oo 



By the preceding discussion we also know that for all v, t > and i S {2, 3, 4, 5, 7}, < Ii(t+v, t) < p4'(d)S~ 1 
and the same bound holds for Jo(t), uniformly in t. Since < Lj(t + r, £ + u) < cxp(— 6(t — v)), we can bound 
all the integrands in the right hand sides of (6.371 and (6.461 by the integrable function pip(d)d~ 1 exp(— bx) 
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and then apply dominated convergence theorem, concluding: 



(6.70) 



(6.71) 



Cf dt (r) 



lim d(t + T,t) =Li(T)+<4 

t — >oo 



L(r — v)l2{v)dv 



Li(r — v)h{v)dv + faM, 



it n 



Li(v)dv . 



^fdt 



(r) 



lim Qi(t + r,t) = Dl M L t ( T ) + ef / L(r - v)h{v)dv 



U(t - v)%{v)dv + hMl At 
We also have that for any n £ Z + , all a £ NC„ and each fixed d\ , . . . 



Li(v)dv . 

In > 0, 



um v"{c(t+e i ,t + e irW ))= n ""(c**^ - 0<r«)) , 

iGcr(o") i£cr(fr) 

By dominated convergence, the corresponding integrals over < 9± < • • • < #2n < t converge. Further, the 
non-negative series (6.321 is dominated in t by a summable series (see ( 6.33 1 ) , so by dominated convergence, 

(6.72) H^M := lim HAt+T,t) 

t — >oo 

2/7 



i+E e ' n e / n ^(c fdt ^-^ (i) ))n^. 

«>1 .eNC„ °<^<-<^< T iEcr(a) i=l 



It thus follows that 
(6.73) 



i?fV) := lim i?,(< + r, t) = U(r)Hl dt (T) 

t — >oo 



exists for each r > 0, which establishes our claim ( |6.21 1 (we have already shown that M^ dt , C| dt (r), Qi dt ( r ) 
and exists). □ 

6.3. Contraction Mapping. The next step in our proof is to establish that the mappings Vf^ are contractions 
on S(5, p, a, d). Thus we will be able to conclude that their unique fixed point, that coincides with the solution 
of our system, will be stationary in the limit, hence the FDT limits ( 6.8 1-( 6. 11 > are well-defined. 



Proposition 6.2. For d, p, a, b, d, 71, hi, fix of Proposition \6Aj there exist < 72 < 71, < /3 2 < Pi and 

< hi < hi, such that the mappings are contractions on S(S, p,a,d), equipped with the norm 

(6.74) 



\\{M,R,C,Q)\\:= sup|M(s)|+ sup \Q(s,t)\+ sup \C(s,t)\+ sup \R( Sl t)e^ s - t} \ 

SGR+ s,teR+ s,t6E + (s,t)er 

b 



(6.75) 





(6.76) 


R'(r) 


(6.77) 


C'(t) 


(6.78) 


Q'(r) 



whenever 7 £ [0,72] (for i — 1) or [3 £ [0,/3 2 ] and h £ [0, ft. 2 ] (for i = 2), for £ = | > 0. Also the solution 
(M, R,C,Q) of (2.13 1-( 2.17| is also the unique fixed point of ^ 1 inS(Sh,p,a,d) and 0/^2 inS(S, p,a,d). Con- 
sequently, the functions M Mt , R idt , C and Q tdt of ( |6.8[ )-(6.11 ) are then the unique solution inT>(Sh,p,a,d), 
respectively T>(5, p, a, d) of the FDT equations 

/>oo 

= -fiM+h + (3 2 M / R{6)v"{C{e))d9, 
Jo 

= -hR{t)+P 2 [ R(t -0)R{6)v"{C{6))d9, 
Jo 

/>oo />oo 

= -pC(t) + /3 2 J C(t - 6)R(6)v"{C{6))dO + fj 2 J v'(C{d))R{0 - r)dQ + hM, 
= -fiQ(T)+f3 2 Q(T-6)R(6y , (C(0))d0 + f3 2 v' \Q{9))R{9 - r)d0 + hM, 
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where 
(6.79) 



2 



i/>(C(0))R(0)dO + hM, 



with initial conditions D(0) = i?(0) = 1 and Q'(0) = 0. 

Proof of Proposition |6. 2") Keeping S, p, a, b and d as in Proposition |6.1| we will show that ^ is a contraction 
on S(S,p,a,d) equipped with the uniform norm \\((M, R,C,Q)\\ of (6.741, for any 7 small enough (i — 1) or 
P,h small enough (i = 2). We will first recall that in Proposition 6.1 we have shown that if (M, R,C,Q) £ 
S(S, p, a, d), then Wj(s) > 6, for all s > 0, a critical fact that we will use in our upcoming proof. For simplicity 
of notation, we will denote by E(s,t) = R(s, t)e^ s ~*) 

Consider a pair of elements in S(8, p, a, d), (M&, Rk, Ck, Qfe) for k = 1, 2 and consider their images through 
iPj, namely (Mj ^, Ri ^, Ci k> Qi,k) — ^i(Mk, Rk,Ck,Qk) for i = 1,2. We will also use the already established 
notation D/.(s) := Qk(s,s). We will denote hereafter in short Af(s,t) — /i(s,t) — f 2 (s,t) and A/(s) = 
sup 0<u<t)<s |A/(u, it) I when / is one of the functions of interest to us, such as Q, C, R, E, L or H. A similar 
notation will be used for functions / of only one variable, for example M or D, namely A/(s) = /i(s) — f 2 {s) 
and A/(s) =sup < u <JA/(u)| 

Denoting by i?i = 7 2 and t3 2 = /3 2 + h, we shall show that for i — 1, 2, there exist finite positive constants 
Lm,i, Le,z, Lc.i and £Q,i depending on (5, p, a, and d, such that for any finite s > 0, 



(6.80) 
(6.81) 
(6.82) 
(6.83) 



AM,(s) < tf l L M AAM(s) + AE(s) + AC(s) + AQ(s)] , 

AEi(s) < $iL Eii [AM(s) + AE(s) + AC(s) + AQ(s)] , 

AC l (s) < §iL c ,i[AM{s) + AE(s) + AC(s) + AQ{s)] , 

AQ l (s) < d l L Q , l [AM(s)+AE(s)+AC(s) + AQ(s)} 



whenever 7 £ [0,71] and i = 1 or h £ [0,/ii], /3 € [0,/?i] and i — 2. Here 71, /ii, /3i, a, d, p, 6 and 6 are the 



ones of Proposition 6.1 



So, if tfj is sm a ll eno ugh (i.e. ^ < min{l/(5£ M ), 1/(5L E ), 1/(5L C ), 1/(5£ Q )}, #1 < 7? and i? 2 < /?? + 
then from (6.80 1- (6. 83 1 we deduce that 

|| (AMi, AR4, ACi , AQi) || = sup AM,(s) + sup AEi(s) + sup AC*,(s) + sup AQi(s) 

s>0 s>0 s>0 s>0 



< 



sup AM (s) + sup AE(s) + sup AC(s) + sup AQ(s) 

s>0 s>0 s>0 s>0 

(AM, Ai?, AC, AQ)|| . 



In conclusion, the mapping is then a contraction on B(S, p,a,d), since 



(6.84) 



\ 1 ^i(Mi,R 1 ,C 1: Q 1 ) - ^(M 2 , i? 2 , C 2 , Q 2 )\\ < -\\(M 1 ,R 1 ,C 1 ,Q 1 ) - (M 2 , R 2: C 2 ,Q 2 ) 

5 



whenever (M k ,Rk,Ck,Qk) £ B(5,p,a,d), for fc= 1,2. 

From now until the end of the proof, for simplifying the notations, we will denote: 

A(s) := AM(s) + AE(s) + AC(s) + AQ{s) 



Before we start, recall that 7 ,fc is defined by (6.23 1 for (M&, Cfc, Rk,Qk) and is defined by (6.24 1. Notice 
that for every i £ {0,1} and k £ {1,2}, that i^fc is of the form Rk(s,u)Tk ; i(u; s,t)du, where Tk-i(u; s,t) 
are polynomial function depending only on Ck(0i,0 2 ), Mk{6\) and Qfc(#i,# 2 ), for &i,&2 £ { s ,t, u }- By the 
definition of S(S, p,a,d) the family {J^ Rk(s, u)du} s>Q is uniformly bounded above by pS~ x , hence: 

(6.85) < I iik (s) <K U i = 0, 1 
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for Kj = %4>(d) max{a, d}. Similar arguments will show also that: 

(6.86) < h, k (s,t) < K! « = 2,3,4,5,7 

where l2,k, h,k, I<i,k, h,k and I-r t k are defined by (6.381, (6.39), (6.431, (6.441 and ( 6.52| , respectively, for 
(M,R,C,Q) = (Mfc, Rk,Ck,Qk)- Now consider the difference between i ,i and lo, 2- Since J \AR(t,u)\du < 
AE ^ (by the definition of Ef.), the difference between 7o,i and Jo, 2 can be controlled, yielding: 

A/ (s) < L/ [AM(s) + A£(s) + AC(s) + AQ(s)] = L I<3 A(s) 

for L/ = max | ply , at/ , apl/ (5 ^ j . In a similar manner, we obtain analogous bounds for A/j(s), for 
i = 1,2,3,4,5,7, for positive and finite constants Lj i7 depending only on a, d, p, 5 and £. Hence, defining 
L/ := max ig { ,i,2,3,4,5,7} Lj i7 we establish an uniform Lipschitz control on If. 

(6.87) Ali(s) < i/A(s), i = 0,1, 2, 3, 4, 5, 7 



• TTie Lipschitz bound (6.80) on Mi. Recall that M\± satisfies: 

Mi,k{s) 



(6.88) 



9Mi, fe (s) 



(Mi )fc (s))' 



2/7 



+ l + 7 2 (-fo,fe(s)-^i,fc(s)) 



Let 9(s, t) = exp (- / s * (m 1a {0) + M ia {0) + dd^j . In Propositionjojwe have shown that if (M fc , R k , C k , Qk) € 

B(5, p, a, d) then both Mi^(s) > and wi^s) = Mi,fe(s) + ^ > b are true, hence < 6(s,t) < exp(— (i — s)&). 
Now, considering the difference between the realizations of (|6.88|) for k = 1 and /c = 2, respectively, we get: 



0AMi(«) = -AMi(«) M M (0) + M 1>2 (0) + — + r(AI (s) - AI X ( S )) 



and since AMi(O) = we get: 



2h 



AAfi(a) = 7 2 / (A/ ,*(«) - Aii jfc (u))e(u,«)du 



hence: 
(6.89) 



AMi(s) < 7 2 [A/ (s) + Ah(s)} f e-^ b du < L MAl 2 A{s) 

Jo 



with Lm,i — where in the last inequality we have used the Lipschitz bound on TVs established in (6.871. 
• The Lipschitz bound (6.80 1 on M 2 . We will first establish the Lipschitz bounds on pi and Lj, i = 1,2, that 
will be needed later. Namely, for i = 1, from (6.18): 

|A Ml («)| < |AM 1 («)|+ 7 2 |A/ 7 ( u ,0)| < ( J L / + ^ M ,i)7 2 A(s) 



where in the last inequality we have used the bounds in (6.871 and (6.80 1 for i = 1. Since |e x — e y | < |sc — y\ 
for all x, y > and Pk,i(s) >b,i,k=l, 2, denoting K± := Li + Km,i, we get that 

(6.90) |AL X (M)| <e-^ t)b f \Au t {v)\dv < \K ie - b ^(s - t)l 7 2 A(s) 



Similarly, for i = 2, we get from ( 6.19[ ): 

|A M2 (^)| < h|AM(«)| + (3 2 \AI 7 (v,0)\ < (Lj + l)(h + /3 2 )A(s) 
and a similar argument as above, for K 5 := Lj + 1, will establish: 

(6.91) |AL 2 (s,i)| < fee-^Hs-t)! (/3 2 + /i)A(s) 
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Hence, from (6.901 and (6.911 we establish the Lipschitz bound for L^: 
(6.92) AL,(s) < K e &iA(s) 

with K e := maxji-Q, K 5 } sup e>0 (8e~ be ) and also: 



(6.93) 



\AL t (s,u)\du < Kr'diMs) 



where Kj :— ma,x{K 4 , K 5 } sup e>0 (e be 9 2 ). 



We can now establish the Lipschitz bound (6.801 for M 2 . Recalling that M 2 k satisfies (6.31), we get: 



\AM 2 {s)\ < a|AL 2 (s,0)|+/? 2 / \A(I (u)L 2 (s,u))\du + h \AL 2 (s,u)\du 

Jo Jo 

b 2 - r s 

< a\AL 2 (s)\ + ^-Al + (3 2 K I + h) / \AL 2 (s,u)\du 

b Jo 

< K s ((3 2 + h)A( s ) = K 8 tf 2 A(s) 

with K$ := uKq K-j{B 2 Ki + hi), where in the last line of the derivation above we have used the bounds 



in (6.851, (6.871, (6.921 and (6.931 



• The Lipschitz bound (6.81 I on E. We rely on the formulas (6.32) and Ri^(s,t) — Hi^(s 1 t)Li_k(s,t). Indeed, 
since C\ and C 2 are [0, d]- valued symmetric functions, ti S [0, s] and both v"(-) and v'"{-) are non-negative 
and monotone non-decreasing, it follows that for any n, t 2n < s and a € NC„, 



< nv"{d) n -W"{d)AC{s) 



Thus we easily deduce from (6.32) that 

(6.94) |A#i(M)l < ^ 2 u lll {d){s-t) 2 ^n{2n\)- 1 [2r{s-t)] 2 ^-^AC{s) 

n>l 

for K g = 2v"'(d). Recalling that ef < ■d l and since E lM (s,t) = R itk (s, t)e« (s ~* ) = H i>k (s, t)hi k (s, t)e^ s ~^ we 



now obtain from (6.341, (6.94), (6.901 and (6.91) that 



AEi(s,t) <e^ s - t '> [L i ,i(a ) t)Afl- i (s,t) + fli i a(«,t)ALi(* s t) 

< ^ l e(- b+ ^^ 7 ^) {s - t) [K 9 ( S t) 2 + Cl (K 4 + K 5 )(s t)]A(s) 

< $ ie -(b/ms-t )[K9{s _ t) 2 + Ci{Ki + K5){s _ t)]A{s) 

< ^LE,iA(s) 

for ei < — -, b and for the finite positive constant 

6^v"(d) 

L BA := sup e- w l z [K 9 6 2 + Cl {K A + K 5 )6] . 

6>0 
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• The Lipschitz bounds (6.821 and (6.831 on C and Q, respectively. Recalling the solution (6.371 of Cj fc, we 
have: 



Ad{s,t) = Ahi(s,t) + e? J A(Li(s,v)I 7 (v,t))dv 

A(Li(s,v)I s (v,t))dv + ki I A(Mi(t)hi(s,v))dv 



Using the Lipschitz bounds in (6.87), (6.921 and (6.93), the first two integrals above are each bounded by: 



while by (6.801, the last one is bounded by: 



L 



M.i 



aK 6 A(s) 



Wrapping all together, we get: 



\ACi(s)\ < ^L c ,iA{s) 



for L c ,t = (K 5 + K 6 ) + 2((/3x + 7 i)^ 7 A7 + U) 



b 



aKg ) (hi + 1) and consequently, (6.82) holds. 



Similarly, by the solution (6.421 of Z\fc(s) := Qi,k(s, s), we have: 

AA( s ) = A(L 2 ( s ,0)) + 2e 2 / A(L 2 i (s,v)h(v,0))dv + 2e 2 i I A(L^s,v)I 5 (v,0))dv 



A(h1(s,v))dv 



Since Lj(s,i) S [0,1], then \ALf(s,t)\ < 2|ALj(s, t)\, hence similarly as above, we get: 

|AA(s)| < L D ^A(s) 
for Lo.i = 4Lc ; - Moving over to Qi,k, since: 

AQi(s,t) = A(A(t)L,( s ,<)) + £l 2 / A(Li(s,v)h(v,t))dv 



A(L l (s,v)I 5 (v,t))dv + h J A(Mi(t)Li(s,v))dv 

using the Lipschitz bound on Di and similar reasonings as above, we get: 

|AQ,(«)| < Lg^i&is) 

for Lqj = L]j i + max{c?, l}Lc.%, thus concluding the argument that is a contraction. 

Now suppose that, for a choice of parameters /3 and h, the constants d,p,a,b and d are such that is a 
contraction on B(8, p,a,d), hence also on its non-empty subset S(5, p, a, d). Proposition 6.1 shows that both 
B(S, p,a,d) and S(S, p,a,d) are invariant under 'J.;. We start at some Sj,o = (Mo, Rq, Co, Qo) G <S(<5, p, a, rf) 
and construct recursively the sequences 5^ = ^(S^—i) for fc = 1,2, ... , in S(S, p,a,d). For i = 1,2, since 
is a contraction, clearly {5i i fe}fc 6 z + is a Cauchy sequence for the uniform norm || • || of (6.74). Hence, 
Si,h -» S'i.oo = (Afi, o,i2i > oo,C , i ,M,Q i , 00 ) in the Banach space (C(R+) x C(T) x C S (R|) x C fl (M^), || • ||). Note 
that B(S, p,a,d) is a closed subset of this Banach space, so S'i.oo G B(S, p,a,d). Further, fixing r > 0, since 
Si t k € 5(5, p, a, d) we have that 



lim sup \C itOQ (t + r,t) -C it00 (t' + r,t') 

T->cx> t.t'>T 



<2||C i;00 -C J , fc || 00 + lim sup \C i>k (t + T,t) - C i}k (t' + r,t') 

«x> t ,t'>T 



2115, 



Si 



i,k\ 
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Taking k — > oo we deduce that, for any r > 0, 1 i— > Cj i0o (t + r, t) is a Cauchy function from R + to [0, d], hence 
Ci i00 (t + t, i) converges as i — > oo. A similar bounding procedure as above will show that the same is true for 
-Ei.oo and Qi,oo and will also show that A/j j00 (t) converges as t — > oo. Now, since, by definition, Ri t00 (s,t) = 
Ei^ OD (s,t)e^^ s ^ t \ then i?i i00 will inherit the limiting property from Ei jOD . Hence Si t0o € S(S, p,a,d) and 
further S'i.oo is the unique fixed point of the contraction ^ on the metric space (S(S, p, a, d), \\ ■ ||). 

By our construction of 'J;, it follows that {M\ i00 , Ri j0 o> Ci )00 , Qi >0 o) satisfies ( 6. 1 1-( 6.5 ) and also that 
(-^2,001 ^2,007 C2,ooi Q2,oo) satisfies (2.13)-(2.17). Recalling that any solution of ( |6.1[ )-(6.5 I is a solution of 
(2.13 l-(2.17l that has been time-scaled by a factor of ft, we can conclude that the unique solution of (2.13 )-( 2.17) 
is in S(Sh, p, a, d), for 7 g [0, 72] and in S(8, p, a, d), respectively, for fi £ [0, /3 2 ] and ft S [0, ft.2]. As noted before, 
this shows that the FDT limits M fdt , i? fdt (r), C fdt (r) and Q fdt (r) exist, for the unique solution of ( |2.13[ )-( |2.17[ ) 
and furthermore, (M tdt , R td \ C fdt , Q idt ) G V(5h,p,a,d) if 7 < 72 and (M fdt , i? fdt , C fdt , Q fdt ) € V(6,p,a,d) if 
/3 < /3 2 and ft < ft 2 . 

In order to conclude the proof, we will sho w tha t M m , R ldt ( ■ ) , C fdt ( ■ ) and Q fdt (') are the unique solution 
in T>(Sh, p,a,d), respectively T>(6, p,a,d), of (6.75 1-( 6.79 1. While proving Proposition 6.1 we found that on 
S(5,p,a,d), the mapping % induces a mapping ¥ dt : (M fdt , R m , C fdt , Q fdt ) -> (Mf dt , i?f Cf \ Q td *) such 
that 



2 ^/ffdt 

~ " 2ft 
-£ 2 M 2 fdt + ft + /3 2 / 



+ 1 + 7 (/o 



h 



Rf\r) = 



Ur) Y. e:^" ^ 



n>0 



eNC„ 



2)1 



O<0 1 <---<8 2ii <t 



n ^"(c fdt ^-^ (l) ))n^, 



?Gcr(o") 



^ fdt (r) 




= U{T) + e} U{t - v)I 2 {v)dv + ej / L 4 (t - «)/ 3 («)dw + fcM, 



rid I 



D^UW + e* I U(t - v)h(v)dv + ef U(t - v)I 5 (v)dv + hM, 



ffdt 



Lj(u)<#t/ , 



tDji?r + eJ/*(Q) + £-4(0) + feilf, 



fell. 



where I , Ii, I 2 , 13, Ii and Is are given by (6.551, (6.56), (6.601, ( 6.61 1 , (6.621 and (6.631, respectively. In 
particular, C fdt , R and Q are differentiable on K + , and, for r > 0, 



(6.95) 

(6.96) 
(6.97) 
(6.98) 

(6.99) 



= - 



= 



dRf\r) 
dC id \r) 

dQt\r) 



(M idt ) 

- 7 2 M fdt 

Jo 

- w 2 M 2 fdt + l M 
-Q t Rf\r) + 4 



Ml 



M 1, 

Ml +l + 7 2 M fdt 



i? tdt (0)j/"(C wt (0))d0 



^Cf dt (r)+e 



2ft 

R ldt (6)iP(C ldt (6))d6 

OO 

R fdt {6)v"{C idt {0))dO + h 
Rf\T - e)R?^(6)v"{C idt {d))d6 , 
C fdt (r - 6)R fdt (0)v"(C idt (9))d6 



v'{C ldt {6))R idt {9 - r)dO + jfejAf, 



felt 



->fdt 



Q tdt (r - 0)R tdt (e)is"(C tdt (0))d6 



.->() 
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i/(Q tdt (0))i? dt (0 - r)d9 + k t M, 



fell. 



with R ldt (0) = 1, Cf *(0) 
(6.100) 

(6.101) 



1, <9Qf*(0) = and 



to i 



1 

2h 
1 

2 H 



+ 7 
-P 2 



I ffdt 



iP(C tM (6))R u \6)d6 + M{ 



ip(C tdt (9))R tdt (9)d6 + hM 



rfdt 



where in the derivation of (6.97) we have used the results in 



Recall that if the functions M,R,C and Q solve (2.13l-(2.17l, then the functions Mh, Rh,Ch and Qh are 



the unique solution of (6.1 1-( |6.5| , hence the unique fixed point of Then, by ( 6.95 1— ( 6.101 ) the corre- 
sponding quad-uple (M^Rf^Cf^ \ Q^ dt ) is a fixed points of 1^ dt . Then M fdt := M^\R {dT {T)i= R {dt (hr), 



C fdt (r) := C { h dt (hT) and Q fdt (r) := Q idt (hr) satisfy the FDT equations M^-MTM. Noticing that the quad- 



uple (M fdt , i? fdt , C fdt , Q fdt ) that we have just defined coincide with the FDT l i mits o f the original (M, R, C, Q), 
we have established that, for 7 e [0,72], (M fdt , R idt , C fdt , Q fdt ) satisfy tfTfty-filty. 



Also, if (M, R,C,Q) is the unique solution of (2.13)-(2.17), it is the unique fixed point of ^2, hence 
(M fdt , R td \ C fdt , Q fdt ) is a fixed point of f 2 dt , hence it satisfies (|6J5|-((679|. 

Now, denoting by E ldt (r) = e^ r i? fdt (r), by the same arguments as in the Lipschitz estimates ( 6.80 )-( 6.83) 



of Proposition 6.2 we show that 

AM; fdt 

A^ dt (r) 
ACf dt (r) 



AQ- dt (r) 



ivit 



^L Eti [AM idt 
i?iL c ,i[AM fdt 
^L Qii [AM m 



- A# fdt (oo) + AC fdt (oo) + AQ fdt (oo)], 
. AE idt ( T ) + AC fdt (r) + Ag fdt (r)], 
A£ fdt (r) + AC fdt (r) + Ag fdt (r)], 
. A£ fdt (r) + AC fdt (r) + Ag fdt (r)] 



for all t < 00, where Af(s) = sup 0<M<s |/i(w) — f2(u)\ when / is one of the function of interest E, C or Q, 
and AM = I Mi — M2I, thus showing that the mappings ^f dt are also contractions, they have unique fixed 



points in V(5h, p,a,d) and T>(6, p,a,d), respectively. So ( 6.76 )-( 6.79) have an unique solution in V(hS, p,a,d), 
for 7 £ [0, 72] and in T>(5, p, a, d), for (3 € [0, f3 2 ] and h e [0, /12], as claimed. □ 



6.4. Exponential Decay of the Covariance. One consequence of Proposition |6 . 2 1 is that if either 7 is small 
or both P and h are small, the response function is positive and decays to exponentially fast. In the next 
proposition we will establish an analogous result for the covariance. Namely, we show: 



Proposition 6.3. For 72, (3 2 , h 2 > of Proposition \6.S\ i/7 G [0, 72] or (3 £ [0,/3 2 ] and h 6 [0, h 2 ] there exist 
M = M(/3, h, a) > and r\ — ry(/3, h, a) such that for every s > t > 0: 

(6.102) \C(s,t) -Q(s,t)\ < Me-''-''' 

Proof of Proposition [63} Let COV(s,i) := C(s,t) - Q(s,t) and respective ly CO V h (s, t) := C h (s,t) - 
Qh(s,t), with Uh(s,i) := U(s/h,t/h), whenever U is one of C or Q. Subtracting (2.161 from (2.15), we get: 



(6.103) 



d x COV{s,t) = -p(s)COV{s,t) + (3 2 / COV(u,t)R(s,u)i>"(C(s,u))du 



1 / COV(s,u)P(C(s,u),Q(s,u))R(t,u)du, 
Jo 



s > t > 



for the multivariate polynomial P(X, Y) = 
(6.104) COV(s,t) = L(s,t) +P 2 



v'(X)- v '(Y) 
X-Y ' 



where p is defined by (2.171, hence 



L(s, v)Ig(v, t)dv + p 2 / L(s, w)/io(v, t)d« 
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with L(s, v) = exp(— J p(u)du), 
(6.105) I 9 (v,t) 



COV(u, t)R(v, u)u"{C{v, u))du , 



(6.106) 



I 10 (v,t) = / COV(v,u)P(C(v,u),Q(v,u))R(t,u)du. 



By Proposition 6.2 we know that, wh enever (3 < 02 and h < hj,, R(s,t) < pe ( s V s and p(s) > b implying 
L(s,v) < e-^-^KAho, Theorem |2~3| shows C(s, t), Q(s, t) S [0,1], implying P(C(s,t),Q(s,t)) < since 
v{-) is a polynomial with positive coefficients. So, we get: 

\h{v,t)\ < v"{\) f \COV{u 1 t)\pe- 5{v - u) du<y"{l)pe- s{v ' t \ 



|/io(«,t)| < ^"(^^-^upicoyKv)!. 

tl<t 



and hence, with the symmetric function A(t, s) :— sup u<t v<s \COV(u, v)\ we deduce from (6.104) that for 
s > t > 0, 



A(t,s) < e~ h ^ +0 1 v"{l)p / e- bi - s - v \ e~ s{v - u) du + &{t,v)]dvdu 

Jt Jo 

< e - b ^ + f3 2 pp"(l) J e- b ( s - v ^ e- s(v ~ u) dudv 

+(3 2 pv"(l) ( Ait^^e^-^ + f e- b{s ~ v) ~ s{v ~ u) du]dv 



Since for any 6 G (0, 6/2) and s > t, 

(6.107) J e-^^-^-^dv < 2b~ 1 e' s{s - t) 

and with 5 G (0, 6) we thus obtain for s > t the bound 

A(t,s) < Mpe-W'-Q + A p f A(t,v)e- S ^ s - V) dv, 



with M = 1 + 2/3 2 / oi/'(l)(W)- 1 and A = p 2 pv // (l)S- 1 (l + 2b- 1 ). Therefore, fixing t > 0, the function 
h t (s) = e s ^ s -^A(t, s) satisfies 



h t (s) < M + A J h t (v)dv, s>t, 

and so by Gronwall's lemma h t (s) < Me A ( s ~ t \ We therefore conclude that for any s >t, 

\C(s,t)-Q(s,t)\ < Me^ 5 -^-^, 

which proves the lemma in this case, since for (3 — > we have that A = A{(3) — > (and so r\ = 6 — A > for 
any (3 > small enough). 

Similarly, from (6.4 1 from (6.3), we get: 

(6.108) d 1 COV h (s,t) = -p h {s)COV h {s,t) + 1 2 f COV h {u,t)R h {s,u)u"{C h {s,u))du 

Jo 

+ 7 2 / COV h (s,u)P(C h (s,u),Q h (s,u))R h (t,u)du, s>t>0 
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where Hh is defined by (6.5). Recalling that if 7 < 72, Hh(s) > the same argument as before, with 7 in the 
place of /?, will show that A h (s,t) := A(s/h,t/h) < Me"( 5 " A '( 8_t !, that is equivalent to: 

hence concluding out proof. □ 
6.5. Simplifying the FDT System. The final step of the proof is to relate the solutions of the limiting 



equations ( 6.75 1-( 6.79 1 to the FDT equations (2.201 and (2.19), hence concluding the proof of Theorem 2.5 



Proposition 6.4. There exist 73, /?3, h 3 > such that whenever 7 € [0, 73] or [3 G [0, (3%] and h S [0, /13], f/ie 
equations (2.20) and (2.191 Ziaue unique solutions C '(■) andQ. Furthermore, the quadruple [M, C, i?, Q), where 
R(t) := — 2dC(r) and Q(t) := Q solves the system (6.75 1 -( 6.79 1 wii/i initial conditions C(0) = i?(0) = 1. 
Q'(0) = 0. Furthermore, R(r) is positive and decays exponentially fast to and C(r) is positive and bounded, 
converging to Q as r — > 00. 



6.4 



Consider the function /(x) = 4(x - l) 2 [/3V(x) + h 2 ] 



Proof of Proposition 

0, /(l — (2h)~ 1 ) > and /(l) < and also /(0) > 0, there exist at least a solution to /(x 



Since for any h > 
in 



[(1 — (2h) 1 ) A 0, 1]. By definition, any of these solutions satisfies (2.191. Fix Q to be one of them. 

Let C be the unique [0, 1] -valued solution of ( |2~20| for cp(x) = 1/2 - 2(3 2 Qv\Q) + 2h 2 (l - Q) + 2/3V(x) 
(see Proposition 1.4 of [H] for existence and uniqueness of the solution). Also, since Q G [(1 — (2/i)~ 1 ) A 0, 1], 
it is easy to see that for small enough 7, the following bound holds: 



and if (3 is small enough, then: 



2/?V(l) - v\Q)) > /3 7 i/'(l) > 2V^M1) 
J>2v^V(l) 



thus concluding that in both scenarios, (f)(1) > 2y / b(fr'(l), hence, according to the above-mentioned result, C 
decays exponentially to with some positive exponent (it is easy to see that is convex, so the conditions in 
the quoted proposition are satisfied). 

Moreover, by the same result, C converges as t — > 00 to 



sup<^ x S [0,1] : 0(x)(l 



Now, from the definition of Q, it is easy to see that <fi(Q)(l — Q) 
for 7 sufficiently small, for x € [Q, 1], 

V(x) - u'(QY 



x)> - 
' ~ 2 



1/2 and since Q e [0, 1], > Q. Also, 



2(3 Z 



x — Q 

hence 4>(x)(\ — x) < 1/2 for x £ [Q, 1], implying C, 



< 27 J /i^"(l) < Ah 2 < 



1 



(l-Q)(l-x) 
Q. Similarly, for [3 small, 



2(3 2 



v'{x)-v'{ Q) i 
x — Q 



(l-Q)(l-x) <2 / 9V'(l) < 1 



so 0(x)(l — x) < 1/2 for x e [Q, 1], hence = Q. 

Now, denoting by R(t) := — 2dC(r), and Q(t) = Q, since Q = lim t _ 



C(t), some simple algebra will show 



that (M, R, C, Q) satisfy ( pT7^ -( [6779| with initial conditions C(0) = 1, i?(0) = 1, Q'(0) = 0, if and only if: 

(6.109) = -fiM + h + 2l3 2 M{v'{l)-v'(Q)) 

(6.110) = -/iQ + 2/3 2 {Qv'{l)- 2Qv'(Q)+v'{Q)) + hM 
with 

M = i + 2/3 2 (^'(l) - Qi/(Q)) + /iM 
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It's easy to check that M := 2h(l — Q) and Q are a solution to (6.109 l-(6. 110), hence (M, R,C,Q) satisfy 
( |6.75[ )-( |6.79| . Furthermo re, M Q G [0,1], as needed. 

Now, for every root of ( |2.19 1, we can use the same procedure as above to construct a quad-uple (M, R, C, Q), 
that solves the system. Since Q G [(1 — (2h)~ 1 ) A 0,1], the same arguments as above will conclude that 
(M, R, C, Q) are positive, C(-) is bounded and R(-) decays to exponentially fast. Since according to Proposi- 
tion i 

~ 1 ) A 0, 1], thus concluding the proof. 



6.2 the system ( 6.75 )-( 6.79) has an unique solution with these properties, the injectivity of the mapping 
(M, R, C, Q) shows that ( |2.19 l has a unique root in [(1 — (2/i) 



□ 



Now we have all the ingredients we need to finalize the proof of our theorem: 
Proof of Theorem 2.5 Fix 70 = min{7i : i = 1,2,3}, (3q = min{/3j : i = 1,2,3} and h[ 
1,2,3}, for 11,01, hi of Proposition [6~Tj 12^2, h 2 of Proposition 6.2 and 73,/?3,/i3 of Proposition 6.3 



according to Proposition |6.2 
with initial conditions C(0) = 



min{/ii : i = 
Then. 



the FDT limits (6.8)-(6.11) exist and are the unique solution of (6.75)-(6.79) 



R(0) = 1, Q'(0) = 0, in the space of positive functions such that C(-), Q(-) are 
bounded above and R(-) decays exponentially to 0. 

for the same possible values of the parameters (3 and h, C(r), R(t) : 



By Proposition 6.4 
Q(t) := Q and M := 2h(l 



-2dC(r), 



h) are a solution of (6.75 1- (6. 79 1 and furthermore, R decays exponentially fast 
to and < M, Q(t), C(t) < 1, so, by the afore-mentioned uniqueness result, they are indeed the solution of 
( 6.75 >-( 6.79 > , thus concluding the proof. □ 
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